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1 Introduction

A growing literature in behavioural contract theory studies present-biased agents, with agents often
either naive or partially naive about their future behaviourE Present bias is modeled using quasi-
hyperbolic discounting following Laibson (1997) (who draws in turn on Phelps and Pollak, 1968).
Agents then have time-inconsistent preferences: an agent is a collection of distinct “selves” which
favour present over future utility. Naivety means that agents mispredict the preferences of future
selves. In effect, they overestimate future patience.

In this paper, we suggest an alternative though complementary approach. We propose agents
with time-consistent preferences, but where discounting is stochastic. While agents anticipate
stochastic discount factors, they may hold misspecified beliefs and overestimate future patience.
Behaviour is dynamically consistent in the sense that agents plan contingent on future discount-
ing realisations and follow through on these plans. Nonetheless, a fully naive present-biased agent
as studied in existing work on quasi-hyperbolic discounting arises as a particular limiting case in
which beliefs over discounting are degenerate. Another important case is an agent with correct, non-
degenerate beliefs. We apply this framework to competitive credit markets, building on Heidhues
and Kdszegi (2010, henceforth HK) and Gottlieb and Zhang (2021, henceforth GZ).

We follow closely the original motivation of HK, who sought to understand how present bias of
the agent interacts with competitive credit markets, although our formal model is closest to GZ. HK
pursues two related sets of results: positive predictions about features of credit contracts we might
expect to see, and normative findings about welfare and contractual distortions. A central positive
prediction is that equilibrium credit contracts offer the option of early repayment on good terms,
while present-biased agents ultimately repay later and are penalised for doing so. A central normative
finding is that agents borrow too much and repay too late, as evaluated under the preferences of a
long-run self that does not exhibit present bias.

Our analysis addresses both positive and normative dimensions. On the positive side, our model
can capture similar contractual features, and in particular penalties for early consumption. On
the normative side, time-consistent preferences seem to call for a different welfare benchmark. As
explained below, we then find that consumption often occurs too late rather than too early. These
implications arise not only when agent beliefs about future discounting are misspecified, but also
when they are correct.

Model. Our model features an agent and at least two firms that provide credit. The agent
first learns a discount factor that determines how consumption in the initial period is valued rel-
ative to the future. At this point, firms compete by offering dynamic mechanisms that determine

agent consumption over time. The agent chooses a mechanism to accept and then both parties are

!Papers that include the study of such naive or partially naive agents include O’Donoghue and Rabin (1999),
DellaVigna and Malmendier (2004), Gottlieb (2008), Heidhues and Kd&szegi (2010), Murooka and Schwarz (2018),
Bubb and Warren (2020), Gottlieb and Zhang (2021), Citanna and Siconolfi (2022), Heidhues et al. (2024), Sulka
(2024), and Englmaier et al. (2026).



fully committed. The agent learns a new discount factor in each period, taken to be i.i.d., again
determining how future consumption is valued relative to the present. After learning the discount
factor in a period, the agent sends a message to the mechanism and consumption is determined. In
equilibrium, the agent’s strategy results in a process for consumption that satisfies an optimality
condition. Namely, it maximises the agent’s discounted expected payoff at the initial date given
(possibly misspecified) agent beliefs. This is subject to incentive compatibility constraints and a
non-negative profit condition for the firm, where expected profits are evaluated according to firm
beliefs which we view as correct and which therefore potentially differ from the agent’s.

Cases closer to the existing literature. We begin in Section 3 by studying the setting that
is closest both in terms of the environment and the analysis to the earlier work. The agent learns
a discount factor in each period that he believes to be drawn from two possible values (“patient”
and “impatient”). Firms, however, correctly believe that the agent always draws the impatient
value. Our view that firms hold correct beliefs is consistent with much of the behavioural industrial
organisation literature (e.g., Eliaz and Spiegler, 2006, Grubb, 2009). The agent therefore persistently
overestimates the likelihood of being patient. In the limiting case where the agent believes he will be
patient for sure, our agent has the same preferences and beliefs as in the quasi-hyperbolic discounting
model of GZ where the agent is “fully naive”.

Our two-type model predicts contracts similar to those in GZ and HK: in equilibrium, firms
offer the agent the option of highly backloaded consumption, or more front-loaded consumption but
on worse terms. The agent evaluates firm offers on the basis that backloaded consumption will be
chosen with positive probability, but ultimately always chooses the more front-loaded consumption.
The proximity of our findings to the earlier literature (HK and GZ) suggests some initial observa-
tions about what is required in order for models to obtain the earlier predictions on contracts and
behaviour. Although our model generates the same basic behaviour, preferences are time consistent
because, at each date, the agent agrees on the preference ordering conditional on the realisation
of the state (i.e., discount factors). Behaviour is also dynamically consistent: the agent makes a
plan of action for each state and follows through on the plan, although beliefs about the likelihood
of each state are incorrect. Given that the agent assigns positive probability to the low discount
factor in each period, the realisation of this discount factor of itself does not suggest the possibility
that the discounting process is misspeciﬁedﬂ This compares with the existing literature which views
contractual form as driven by quasi-hyperbolic discounting and (possibly partial) naivety. There,
agents are a sequence of “multiple selves” who would like to maintain more patient behaviour in the
future, but are tempted to make decisions favouring the present. Naivety (including partial naivety)

generally means that the agent has a point belief that the agent will discount the future less strongly

2Here, we have in mind the perspective of Galperti (2019), in which observations that a decision maker deems
impossible leads to abandonment of the maintained model. In our setting, since the agent assigns positive probability
to low discount factors, observing them would not lead the agent to abandon his understanding of the stochastic process
governing discounting. This contrasts with models of quasi-hyperbolic discounting by a naive agent, where the agent
repeatedly encounters discounting preferences that differ from his prior understanding.



than he actually doesf]

As noted, our alternative conceptualisation suggests a different approach to welfare, which we
use throughout the paper. Given time-consistent preferences, there is a single decision-making self
in our model. While there is then no decision about which self to prioritise in welfare analysis,
there remains the question (when the agent holds misspecified beliefs) of the appropriate choice
of beliefs. We follow other industrial organisation studies with misspecified consumer beliefs by
measuring welfare against firm beliefs which are assumed correct. As Grubb (2009) argues (footnote
10), this approach seems easy to rationalise on the basis of a firm that has the benefit of encountering
many similar consumers and thus understanding their preferences, while individual consumers lack
this advantage. Then equilibrum consumption is excessively backloaded (Proposition , and in
particular it is inefficient as the number of periods under examination becomes large (Proposition
3). The latter claim stands in contrast to GZ (Theorem 1) and Citanna et al. (2023, Theorem
1), which find approximately efficient timing of consumption for long horizons. The reason relates
to the choice of efficient benchmark: efficiency is judged against discount factor realisations equal
to the low value, which are viewed as the true realisations. Our finding is perhaps intuitive: since
firms’ contracts cater to an agent that believes he will be more patient in future than he actually
is, equilibrium consumption turns out to be excessively backloaded (we find that this intuition also
carries over to richer settings — see below).

Richer settings. Section 4 then extends the model to settings with multiple values of the
discount factor, and where firm and agent beliefs have full support over these values. We assume
that agents weakly overestimate their degree of patience, now nesting the case of correct beliefs. We
explain that it is useful to view equilibrium mechanisms as shifting utility towards more patient agent
types — indeed incentive constraints pointing from lower to higher discount factors bind (Lemma [4).
As a consequence, we find quite generally that more impatient type realisations receive more front-
loaded consumption but on worse terms, where the terms of the contract are judged against the firms’
rate of time preference (Corollary. This includes the case where the agent has correct beliefs. The
result contrasts with HK’s (p 2300) discussion of their alternative “neoclassical” model, which they
argue would yield “essentially the opposite qualitative contract features” to the ones predicted by
the model with quasi-hyperbolic discounting.

The similarity in the form of contracts for the setting with correct agent beliefs is a key motivation
for studying our framework. While a limiting case of our model corresponds to a fully-naive agent
in existing work on quasi-hyperbolic discounting (see GZ), some of the key forces in the model are
preserved as we move towards a model where agent beliefs are correct. We are therefore better able
to evaluate which behaviours are truly driven by departures from neoclassical assumptions in the

existing literature. For instance, we discuss a possible difference of our model with correct beliefs

3See, however, Citanna and Siconolfi (2022), where agent preferences are time-inconsistent, but where beliefs about
future self-control problems are non-degenerate. We expand on the comparison to this paper in the literature review
below.



and many discounting values (i.e., many types): penalties for early consumption can be smaller as
the agent smoothly adjusts contractual terms in response to lower discount factor realisations.

We also show (in Proposition @ that excessive backloading of consumption can arise, including
when agent beliefs are correct. The reason for this finding is that backloading of consumption
relaxes upward incentive constraints and therefore allows higher payoffs to be delivered in case
of higher discount factor realisations. Delivering higher payoffs for higher discount factors is in
fact something called for by efficiency (see Proposition . In this sense, equilibrium mechanisms
can feature distortions in two directions: too little consumption after high discount factors, but
also consumption that is too backloaded. The use of backloading of consumption to relax upward
incentive constraints is similar to the backloading of the option that the agent ultimately does not
choose in the baseline models of GZ and HK. The difference when the agent has correct beliefs is that
the agent is correct in anticipating the probability of selecting options with backloaded consumption.

Although the version of the model with correct agent beliefs also features distortions, the im-
plications for the role of regulation are quite different from existing WOI‘kH Here, the appropriate
welfare criterion is unambiguous. Moreover, the agent’s expected payoffs are maximal, subject to
firms breaking even and to incentive compatibility. Since regulatory intervention would be subject
to the same incentive and firm participation constraints, a regulator cannot improve agent welfare
relative to the laissez-faire outcome.

Finally, we note that our model with stochastic discount factors can help to understand the
role of agent misprediction of future discounting quite generally. We derive (in Proposition (7)) in-
verse Euler equations that characterise equlibrium and efficient consumption, using a perturbation
analysis related to Rogerson (1985). In the case of logarithmic utility (see Corollary , this has an
interpretation in terms of expected consumption. When agent beliefs are correct, the rate of growth
in expected consumption is the same in equilibrium as for the efficient benchmark. Otherwise, when
the agent overestimates patience, expected consumption grows more quickly in equilibrium. The in-
tuition is that equilibrium mechanisms pander to more patient discount factor realisations, because

the agent mistakenly places excessive weight on the probability of these realisations.

1.1 Further literature

This paper is related to the literature on dynamic mechanism design. While many papers (see Pavan,
Segal, and Toikka, 2014) consider persistent types, we specialise here to the case of i.i.d. types.
This is common, for instance, in early literature on incentive-compatible intertemporal lending and
insurance, including Green (1987), Thomas and Worrall (1990), and Atkeson and Lucas (1992). Our
work differs from these earlier papers especially due to private information on discount factors rather

than income/endowments, and because we allow agent beliefs to be misspecified.

“See HK and Citanna et al. (2025) who consider regulatory interventions in competitive credit markets with
present-biased agents.



Work involving stochastic discount factors is quite common in macroeconomics and finance —
see Stachurski and Zhang (2021) for a review. In our model of the agent, discount factors can be
interpreted as subjective states, in the sense of Kreps (1979) and Dekel et al. (2001). Gul and
Pesendorfer (2004) and Higashi et al. (2009) provide applications of this framework to dynamic
decision problems. Notably, Higashi et al. provide a decision theoretic foundation for modeling an
agent with an i.i.d. stochastic discount factor, as in our paper.

Our application to dynamic credit markets warrants further discussion of Citanna and Siconolfi
(2022). This paper, like ours, allows the agent to have non-degenerate but possibly misspecified
beliefs about future discounting. However, key differences are that the agent has time-inconsistent
preferences and (as the authors remark, p 11) there is disagreement between the preferences of each
self and those anticipated for future selves (ruling out the case often descibed in the literature as
“fully naive”, see for instance GZ, p 797). Citanna and Siconolfi show that, unlike in the model
of GZ, inefficiencies need not vanish asymptotically. They show that there may be too little or
too much consumption at the initial date (“underborrowing” or “overborrowing”). Our findings
on asymptotic inefficiency in Section [3| are driven by different considerations, especially related to
the choice of welfare benchmark. Our results on excessive backloading of consumption go beyond

statements about consumption at the initial date.

2 General Model

Environment and payoffs. A number J > 2 of firms, j = 1,2,...,J, offer long-term lending
contracts to a single representative agent over a finite number 7' > 3 periods, t = 1,2,...,T. The
firm whose contract is accepted can be viewed as making payments to and receiving payments
from the agent, with the agent able to make payments out of available income that he receives
as an endowment in each period. This arrangement can equally be represented as the contract
determining a non-negative agent consumption ¢; in period ¢, and the lender being claimant on all
remaining income. Let R > 1 be the gross interest rate of firms (all firms face the same interest
rate). Then we let I7 > 0 denote a firm’s date-1 value of the agent’s deterministic income stream
when the horizon length is 7. It is natural to view I as increasing in 1" and converging to some

Ioo < 0o with T. A firm’s profit in a setting with horizon length T' is

T
Ct

t=1
We sometimes refer to the date-t NPV of a consumption stream (cT)Z:t as the firm’s cost of the
agent’s consumption.

The agent enjoys a payoff from a consumption stream (ct)z;l which is determined through a

per-period utility function u : Ry — R U {—o0} and the realisation of a sequence of discount factors



(6t)f:_11, with §; > 0 for each t. In particular, the agent’s realised utility is

T
u(cr) + Z M 0u (cr) -

t=2
We assume that u is continuous, strictly increasing, strictly concave, twice continuously differentiable
on (0,00), and that lim,_, u (¢) = 0o while lim. ot (¢) = 0. In Section 3| we impose that u (0) = 0,
so there is a finite lower bound on the utility that may be obtained (that the minimum utility is
zero is a convenient normalisation, without loss of generality). Our motivation here is to bring our
environment as close as possible to HK and especially GZ, to show that our framework captures
similar economic logic and to highlight differences. In Section {4} we then allow also the case where
limgou(c) = —oo (and in such cases we may as well specify u(0) = —oo). This will have the
advantage of guaranteeing that there are no corner solutions.

Agent discount factors (types). Our general model of agent preferences (although markedly
specialised in Section is as follows. In each period ¢, the agent privately learns his discount
factor d; that determines how future payoffs are discounted relative to the present. There is a finite
number N > 2 of possible values for J; in each period (the agent’s date-t “type”), given by 6™ for
n=1,...,N. Here, §(" is strictly increasing in n. Let A be the collection of the N possible types.
The value d; is the realisation of a random variable St that is commonly known to be distributed
iid. across periods. Firms correctly perceive the probability of type 8 to be p, > 0 whereas
the agent perceives the probability to be ¢, > 0 (with agent beliefs known to firms). Naturally,
Zﬁf:l Dn = Zi\;l gn = 1. We have in mind an agent who believes all types are possible and so
assume ¢, > 0 for all n (we refer to this requirement as agent beliefs having “full support”). We
assume that the agent is “more optimistic” than the firms about patience in the sense of first-order
stochastic dominance: i.e., for all m, > p, > > g,. We say the agent is “strictly more
optimistic” if he is more optimistic and the two distributions differ. The reason we focus on cases
where the agent is more optimistic than the firms is consistency with the focus of the literature on
present bias, the agent believes he will on average act more patiently in future than he actually does.
However, because we allow that p,, = g, for all n, we nest the case with common (and hence correct)
beliefs.

A history of types up to date t < T — 1 is denoted H' € A'. We identify with any history
HT the T — 1-tuple corresponding to the first 7' — 1 realisations. In general, we write H; = d; for
the " element of the history and write Hy = é7 = (), understanding that (Hy, Ha, ..., Hy_1,0) =
(Hy,Ho,...,Hr_1). We write for 7 > ¢, Hl = (Hy, Hiy1,...,H,) (and again Hl = H;;r_l, the
restriction to the first 7' — ¢ elements).

Feasible mechanismsﬁ Each firm j makes a one-time simultaneous initial move by offering a

°In defining the available mechanisms, and subsequently restricting equilibria, we ensure that equilibria are char-
acterised through optimisation problems that have a similar structure to the ones in HK and GZ. In particular, the
agent’s date-1 expected payoff is maximised (for each initial type 81 = §™) subject to incentive constraints and a firm



dynamic mechanism M;. The agent can accept only one mechanism, and if he accepts the mechanism
of firm j, then both are committed to it. The agent sends a message in each period and enjoys
the resulting consumption. We assume that contractual offers are private to the agent and not
contractible /verifiable, so mechanisms that are not accepted play no further roleﬂ We also restrict
attention to deterministic mechanisms with a finite set of messages in each period. While we believe
these latter restrictions can be relaxed without affecting the results, they simplify the analysis and
seem justifiable on grounds of realism.

Equilibrium restrictions. We restrict attention to equilibria in which the agent plays a pure
message strategy and breaks indifferences in favour of the firm: If, at any history, the agent is
indifferent over a set of messages in the mechanism he has accepted from a given firm, then he
selects a message which maximises the firm’s continuation payoff (expected NPV of profits). We also
restrict attention to equilibria in which firms choose pure strategies.

Given the restriction of feasible mechanisms and the equilibrium restrictions above, there is
no loss of generality in restricting attention to equilibria involving only deterministic incentive-
compatible direct mechanisms, with the set of messages in each period t < T — 1 equal to A. By
this, we mean that, for any equilibrium in which a firm or firms offer a mechanism that is not direct,
there is another equilibrium with the same distribution over outcomes where all offered mechanisms
are directﬂ A deterministic direct mechanism M?P is simply (though slightly abusively) a sequence
of functions (ct)thl, with ¢; : A - Ry for t < T —1 and ¢7 : AT-! — R,. Since our interest
is in direct mechanisms in which the agent reports truthfully in equilibrium, we narrow the usual
definition of a direct mechanism, requiring the following. For a mechanism to be called direct, at
any history such that the agent is indifferent over messages, truthful revelation must be a report
that maximises firm proﬁtsﬁ It is then without loss of generality to restrict attention to equilibria
in which the agent reports truthfully in any incentive-compatible direct mechanism.

Timing. The timing of the game can then be summarised as follows. In the initial period:

1. First, the agent learns his date-1 type §; = 6, determining the discounting of the future

relative to date 1.

break-even condition. This has the apparent benefit of aiding comparability with HK and GZ.

5The assumption ensures, in particular, that the terms of the contract under a given contractual offer do not depend
on the set of other contractual offers he receives. Therefore, the payoffs available to the agent from a given offer will
not depend on the other offers he receives.

"For all j and n, any collection of mechanisms (Mj,..., M), let ojor";fg (Mi,...,My) denote the probability the

agent of type d; = 6™ accepts the mechanism of Firm j in the original equilibrium. Supposing Firm 1 chooses some
(possibly indirect) mechanism M{™* in the original equilibrium, define a new equilibrium in which Firm 1 chooses
the outcome equivalent direct mechanism M7” (i.e., it induces, for each agent type history, the same values of
consumption given that the agent reports truthfully), while all other firms’ choices remain unchanged. Then define
a modified agent strategy such that, for all j and n, and all (My,..., M), 073" (My,...,My) = cf;.’”;fg (Mq,...,My)
whenever My # M7**", while o5 (M7, ..., M) = a;.’;fg (Mf”g, R MJ), Moreover, the agent reports truthfully
in Firm 1’s mechanism M{*®?, while his reporting strategy is otherwise unchanged. Then we have a new equilibrium in
which Firm 1’s mechanism is direct. The same argument can be applied iteratively to all firms, establishing the claim.

8Put differently, if there are multiple optimal reporting strategies for the agent, truth-telling must maximise firm

profits among them.



2. Next, the J firms simultaneously offer a mechanism subject to the feasibility requirements.

3. The agent of realised initial type 6(® chooses among the J offered mechanisms, accepting at

most one of them, and sends an initial message.
4. The mechanism determines the agent’s date-1 consumption.

In a generic period t > 2, the mechanism has already been determined and a history of reports H'~*

have been made. The timing is then as follows:
1. The agent learns his date ¢ type 6; € A (unless ¢t = T, in which case he learns nothing).
2. The agent sends a message to the mechanism.
3. The mechanism provides the agent with his consumption.

Equilibrium concept. Formally, the equilibrium notion we apply is Perfect Bayesian Equilibrium,
but since firms make an initial one-shot move, posterior beliefs never need to be calculated (the
updating according to Bayes’ rule requirement is trivially satisfied). Recall that we are restricting

to equilibria where:

e The agent chooses a pure message strategy and breaks indifferences among messages in a firm’s

mechanism by selecting the most profitable.
e The agent reports truthfully in any incentive-compatible direct mechanism.

e Firms make pure-strategy offers of deterministic incentive-compatible direct mechanisms.

2.1 Discussion of relationship to quasi-hyperbolic discounting

An important motivation for studying models with present-biased agents is apparent “choice rever-
sals” of the kind described by Ainslie (1991, p 334): “a majority of adults report that they would
rather have $50 immediately than $100 in 2 years, but almost no one prefers $50 in 4 years over
$100 in 6 years, even though this is the same choice seen at 4 years’ greater distance”ﬂ These
choice reversals can be explained using quasi-hyperbolic discounting, in which the agent is viewed as

maximising preferences at each date t given by

u (ct) + B0 Z ST ()

T>t

where 0 € (0,1) represents long-run discounting and 3 € (0, 1) represents present bias.
But quasi-hyperbolic discounting is not the only model of preferences that can account for the

choice reversals above, and in fact our model can do so. To see this, consider our model with two

9Ainslie’s example comes from research by Ainslie and Haendel (1983).



discount factors (N = 2), and with 61 = 0.4 and 6@ = 0.9. Suppose initially that ¢ = py = 1/4
so that ¢ = p; = 3/4. Suppose the agent, having learned his discount factor §; at date t, has to
choose between utility of consumption equal to 50 at date ¢ or utility equal to 100 at date ¢t + 1
(Problem A). From the same perspective (i.e., at date ¢ and given knowledge of d;), for some s > 1,
the agent has to choose between utility of 50 at date ¢t 4 s or utility of 100 at date ¢t + s+ 1 (Problem
B). Then, the agent chooses the immediate reward 50 in Problem A when ¢; = 0.4 and hence with
probability 3/4. But he always chooses the later reward of 100 in Problem B. The possibility that
the agent overestimates future patience strengthens the reversal in choice: e.g. if instead ps = 0 and
p1 = 1, then the agent certainly has the low discount factor at date ¢ (§; = 0.4) and so the agent
chooses the immediate reward for sure in Problem A, while it does not affect his choice in Problem
B. Conversely, increasing gs strengthens the agent’s preference for the delayed reward in Problem B.

It helps to understand our model of preferences through the lens of Lu and Saito (2018), which
provides an axiomatic foundation for a “Random Discounting Representation” underlying consumer
choice. They focus on a one-shot “ex ante” decision problem, with stochastic choice over possibly
random consumption streams over an infinite horizon. Extending our model of preferences to the
infinite horizon, and considering choice at any fixed date ¢, our model of agent preferences generates
stochastic choice that is representable by random discounting in the sense of Lu and Saito.

For choice at date ¢, we need to define a distribution over discount factors D (1), for 7 > t, where
D (1) denotes the total discounting of date-r utility and D (t) = 1. For i € {1,2}, let D@ (t) = 1;
and, for s > 1, let

DU (1 4 ) = BOGS,

where § = ¢6() 4 ¢26®) and ) = 5? . Let D@ be the discounting that occurs with probability p;.
The date-t choice behaviour of our agent — restricted to choices over consumption streams as in Lu
and Saito (2018) — is generated by this stochastic discounting representation.

The representation here is reminsicent of what Lu and Saito define (p 787) as a “random quasi-
hyperbolic representation”, involving a distribution over deterministic quasi-hyperbolic discounting
functions. However, if py € (0, 1), then their definition is not satisfied, as B3 > 1. This conclusion
extends immediately to the case of N > 2 discount factors when each occurs with positive probability
(i.e., pp > 0 for all n). In contrast, in Section (3| we assume that ps = 0, and in this case date-t
choice is representable by deterministic quasi-hyperbolic discounting as () < 1.

Relative to the above discussion, it is worth emphasizing that the focus of Lu and Saito (2018)
is one-shot choice over streams of (possibly random) consumption. In our contracting model, by
contrast, the agent makes decisions that affect future choices under later discount factor realisations.
An important determinant of this dynamic setting is the agent’s beliefs about how discounting
will evolve and affect future behaviour. Therefore, agent behaviour in our model would generally
differ if beliefs about future discounting were instead taken directly from the stochastic discounting

representation above. For this reason, even when the stochastic discounting representation introduced



above is quasi-hyperbolic (as in Section , our model differs from quasi-hyperbolic models in the
contracting literature.

Finally, consider N = 2 and suppose, contrary to what we have assumed, that ¢o = 1. Then if,
in addition, p; = 1, agent preferences and beliefs coincide with those of the “fully naive” agent in
the baseline environment of GZ. Therefore, quasi-hyperbolic discounting in the sense understood by

the contracting literature does emerge as a limiting case of our model.

3 Agent with degenerate impatience

The central objective of this section is to argue that our model with stochastic discount factors can
accommodate a logic close to the one articulated in HK and GZ: the agent is offered the possibility
of strongly backloaded consumption plans which he may believe he will likely use, but it turns out
that he in fact opts for more front-loaded options. The difference in our setting is that the agent
is uncertain about future levels of patience and understands that both patient and impatient future
states are possible. In our model, there appears to be no obvious notion of the preferences of a more
patient “long-run self”, and we discuss the implications of using realised preferences (equivalently,
the firm’s beliefs which are understood to be correct) as the welfare benchmark.

Our analysis in this section makes several restrictions of the model to bring it closest to the
earlier work. There are two types: N = 2. The agent is certainly impatient: p; = 1. As noted
above, agent utility satisfies u (0) = 0. (Other restrictions on the environment and on equilibria are
as above.)

In this setting, firms compete for an agent whose initial type 81 is certainly 6(Y). There is then
no loss of generality in defining direct mechanisms to omit the date-1 report. The possible message
histories in a direct mechanism are then H?, all t-tuples (81, 0, ..., 0;), t < T—1, such that §; = (5(1)

Suppose the maximum expected discounted payoff that can be delivered to the agent at date 1 in
an incentive-compatible direct mechanism that generates non-negative profits for the firm exists and
is finite (as will be shown below — see Lemma. Then, by a familiar undercutting argument, in any
equilibrium, the agent must accept with probability one a mechanism that solves this optimisation.
Moreover, an equilibrium exists. A full proof follows the arguments in the proof of Proposition

Understanding equilibrium therefore reduces to solving the problem (call it Problem I) of max-

ONoting that agent beliefs have full support, mechanisms are thus assumed to be defined at all type histories the
agent believes possible.

" The key arguments are as follows. Maintaining the equilibrium restrictions in Section now with direct mechanisms
omitting date-1 reports, it is easy to see that no firm can earn strictly positive equilibrium profits. Indeed, the firm
earning the lowest profit could deviate by offering a mechanism that is accepted with positive probability, but with
slightly higher date-1 consumption. The agent must then earn the maximum expected payoff in an incentive-compatible
direct mechanism generating non-negative profits for the firm (see, e.g., Problem I below). Otherwise, given continuity
of the value to this problem in the income Ir (from Lemma and the Theorem of the Maximum), a firm can deviate to
a mechanism that provides the agent with an expected payoff slightly smaller than the maximised value, while earning
positive expected profit.
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imising by choice of ¢; (Ht) >0,1<t<Tand H' € HE, the agent expected utility

wler (6M)) 460 3 HZ:QSSU ct 5(1),52,...,5,5
>

t=2

Ea

(where we follow the convention that II!_,ds = 1) subject to agent incentive compatibility constraints
and to the firm break-even condition (introduced formally below)E
Now consider the agent incentive constraints. These are constraints at dates t € {2,...,T — 1}

at histories in H'=! € H®. The first kind of constraint ensures that high types do not imitate low
types:

U (ct (Ht*1,5(2))>
>u (ct (Ht_1,5(1)>) EA

The second kind ensures that low types do not imitate high types:

ule (H7L, 6W )
(o (171,60) ) +60Es
>u (ct <Ht71,5(2))) +6WE,

These incentive constraints are necessary for an incentive-compatible direct mechanismE That they

o 3 e (0, ))

T= t+1

S b (er (00 m))].

T=t+1

Z 1 t+1‘S U(CT (Ht H ot }N[g—i-l))]

T=t+1

ZT: 72}, 6su (Cr (Ht Lo ﬁ;rl))] : (1)

T=t+1

are also sufficient follows a standard backward induction argument. If the agent knows he will be
truthful at all histories at dates t +1,...,7T — 1, then the specified incentive constraints ensure he is
also willing to be truthful at date t.

Now, for 1 <t < T —1, let L' = (5(1),5(1), . ,5(1)) be the t—tuple comprising only elements
equal to 6. Let LT = LT-!. Because the firm has degenerate beliefs on histories H* = L, the

non-negative profit constraint is

ET: ct (Lt)
v Rt-1 =
Following the approach also to be used in Section [4] it convenient to state Problem I as max-
imising instead over the utilities, i.e. the values v, (Ht) =u (ct (Ht)) >u(0), 1 <t < T, where

H' € HE. Letting ¢ = u~" denote the inverse of u, a direct mechanism can now be written as the

12The expectation E 4 is the expectation given the agent beliefs, i.e. placing probability g, on each type 5.

13Noting that agent beliefs have full support, an incentive-compatible direct mechanism is defined to provide incen-
tives for truth-telling at all histories the agent believes possible. From the usual replication argument, this is without
loss of generality.
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collection of functions MP = (¢ (vt))thl. Since a mechanism can be represented by the utilities it
provides, we will generally also write simply M = (vt)tT:l.

The updated (but equivalent) problem is now Problem II, where the objective is

ARCORED = L)

t=2

and the incentive constraints are (all 2 <t < T — 1, all H!™1)

v (HH, 5<2>) +6OE,

T
Z Hz;tlJrl&SUT (Htilv 5(2)7 Hz;l)]
T=t+1

T

> I bsvr (Ht—l,(s(l),ﬁgﬂﬂ : (2)
T=t+1

>u; <Ht_1, 5<1>) +5E,

and

T

Z Hjs—;tl—HSSUT (Htlvé(l)’}I;l)]
T=t+1

T
Z H;tlﬂgsvf (Ht—1’5(2)’ ~1:T+1)] . (3)

T=t+1

" (HH, 5<1)) +6VE,

>, (H1,6)) + 6VE,

The firm’s non-negative profit constraint is

In relation to this problem, it is worth noting that ¢ inherits convenient properties from u. It is strictly
convex, strictly increasing and twice continuously differentiable on R, with lim,_,+ ¢’ (v) = co.
In solving the above problem, a key observation is that we can focus on mechanisms such that

holds with equality. In particular, we show the following.

Lemma 1. Consider any direct mechanism MP = (Ut)thl that, if chosen by the agent, results in
non-negative profits for the firm. Then there is another mechanism MP = (@t)thl that gives the firm
non-negative profits in which, for allt > 2 and all H™1, (@ holds as equality. Moreover, the agent’s

expected payoff is no lower than under MP.

The perturbation to the mechanism MP to arrive at M involves decreasing the agent’s utility
Vg (Htfl,é(l)) and increasing vy (Ht*1,5(2)) whenever is slack at H'~1 (2 <t<T-—1). This
is done in such a way as to leave agent expected payoffs, from the perspective of dates before t,

unchanged. We then find that firm profits increase if H*~! is the sequence of §(!) realisations and
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are unchanged otherwise. The increase in profits can be transferred back to the agent through an
increase in vy (Hy). Hence, in any solution to Problem II, the inequality must hold as equality
when H'=! = [t (for 2 <t < T —1).

Our next result writes the objective in Problem II after substituting in the incentive constraints
that hold with equality.

Lemma 2. Any solution MP = (Ut)thl to Problem II must be such that, for allt € {2,3,...,T — 1},
v (Ltfl, (5(2)) = (0). Moreover, fort € {1,2,...,T}, the values vy (Lt) are the unique mazimisers

of the expression

N

-1 T—2

(016 + 25®) 0y (£ + (8 +26) 50 (L) (4)

t=1

subject to the firm breaking even. The maximised value represents the agent’s equilibrium payoff.
Moreover, any mechanism the agent accepts in equilibrium yields him the aforementioned utilities
at the specified histories (i.e., respectively, at (Lt*1,5(2)) with t € {2,3,...,T — 1}, and at L' with
te{l,2,...,T}).

The result can be compared to the findings of GZ, especially their Lemma 2 (which applies given
that w is unbounded, see Citanna et al. (2023)), which indeed follows from a similar argument.
Although we deliberately exclude this case, our arguments and findings apply also when ¢s = 1@
indeed, agent preferences and beliefs then coincide with those of the “fully naive” agent in GZ. In
this sense, our findings can be viewed as generalising GZ’s for the case where the agent is fully naive.

It is worth highlighting that the values v, (Lt) found in Lemma |2| vary continuously in g» by an
application of the Theorem of the Maximum, and hence our predictions for the realised agent utilities
approach the ones predicted by GZ for the limiting case as ¢ — 1. Moreover, the mechanism has
the same structure in which, at histories (Ltfl) with ¢ € {2,3,...,T — 1}, the agent has the option
of highly backloaded consmption, with zero consumption in the present period. This shows how our
model can approximate the behavioural predictions of GZ, but in a setting where the agent assigns
positive probability to being impatient.

The form of the agent’s payoff derived in Lemma 2, suggests that the timing of consumption
will often be close to a benchmark contract that maximises the agent’s payoff subject to the firm
breaking even, and where the agent’s commonly known discount factor is deterministic and constant
at q160) + ¢26). That is, the timing of consumption is similar in equilibria of our model with
mis-specified beliefs to what would be predicted in a simpler setting with correct beliefs where all
parties know the agent’s discount factor is q10M 4+ 263, Notably, the agent is more patient in the
benchmark than the true preferences of the agent in our model, whose intertemporal preferences

turn out to be given by the discount factor §().

MExcluding this case clarifies the distinction of our model from GZ, with interpretation discussed in the Introduction.
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To make the above argument precise, we can follow the argument in the Theorem 1 of Citanna
et al. (2023) as follows. Recall that I is increasing and converges to Io,. We say that the problem of

maximising the agent’s payoff with the benchmark discount factor (i.e., g10 W 406 (2)) is “well-posed”

if:
sup {Z (Q15(1) + q25(2))t71 (S Z q;gvtl) < Ioo} < 00.

()21 =1 t=1

If the length of the horizon is T', then let Wj‘f‘ denote the maximum agent welfare, subject to the

firm breaking even, and given that the agent has the benchmark discount factor. We have

A_ u 1) @Y ¢ ()
Wi = max Z(qlé + g0 ) Ut.z i1 <Irs.

T
(t)i=1 =1 t=1

Let vtE’T (Lt), t=1,...,T, be the values referred to in Lemma and let

T t—1
WQE = Z <Q15(1) + QQ5(2)) ’UtE’T (Lt) .
t=1

Then W:,E is the agent’s discounted payoff in the setting with the benchmark discount factor, but
evaluated at the equilibrium choices of our original model, as characterised in Lemma [2l We have

the following result:

Proposition 1. Suppose that the problem of maximising the agent’s payoff with the benchmark
discount factor 160 + ¢28@) is well-posed. Then limp_,s0 (Wf‘ — W{?) =0.

Proposition |1| generalises in a specific way the finding of GZ and Citanna et al. (2023) by pro-
viding a benchmark discount factor (qlé(l) + q25(2)) against which equilibrium consumption streams
perform well, at least when the horizon is sufficiently long. (Their result implies the statement in
the proposition for g; = 1.) As noted, this benchmark is higher than the agent’s true discount factor
6. As noted in the Introduction, use of the latter would appear consistent with a number of papers
on models with mis-specified beliefs, so we now investigate a comparison with this benchmark in
detail.

We now term the “efficient policies” those which maximise the agent’s payoff subject to firm
break-even when the agent’s discount factor is commonly known to be equal to 6(1). We index

these policies with a B (for the second benchmark), so that the efficient path of utilities is given by
T

<vf T (Lt)) . Using standard Lagrangian arguments and the result in Lemma we find that the
t=

equilibrium policies are more backloaded than the efficient policies in a sense made precise in the

following proposition.

T T
Proposition 2. Consider the efficient utility path (v? T (Lt)) and equilibrium utility path (vf o (Lt)) 5
t=

Then U{B’T (L) > vf’T (L). Moreover, if vf’T (L") > vtB’T (L") and UF’T (L') > 0 for some t, then
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o T (L) > 2T (L) for all s > t. The inequality is strict where t < T — 2 and v2" (L¥) > 0. In
addition, if vtB’T (Lt) > vf’T (Lt) for some t, then vf’T (Lt/) < vf’T (Lt/> for some t' > t, and

hence indeed vE" (L) > vPT (L) for all s > 1.

The characterisation is more straightforward when utilities are always strictly greater than zero.

Corollary 1. Suppose that Uf’T (Lt) > 0 for all t, which is guaranteed if v/, (0) = oo. Then there

is a t* € {2,3,...,T — 1} such that v"" (L") < Pt (LY) for all t < t* and T (L") > P (L")
for all t > t*.

Proposition 2] and Corollary [T]appears in conflict with HK, who suggest that equilibrium involves
overborrowing. Naturally, the source of this conflict is the different welfare criterion, which is based
on the agent’s realised preferences (equivalently, firms’ beliefs about those preferences). It is also
suggests a potential conflict with GZ, who as noted above find approximate efficiency in long horizons.

To demonstrate the divergence from GZ, let

B S @)t ¢ (ve) d W\ BT 1
Vi = max 2(5 ) vt:ZRt_l < Ir :Z<5 ) v (L)
_ t=1

be the maximised (efficient) surplus: i.e. the agent’s maximal utility subject to the firm breaking

even given true discount factor 6. Let

T
VE =3 (30) T (1),
t=1

i.e. the value of surplus evaluated with the discount factor () for the utilities realised in equilibrium.
To simplify, we restrict attention to the case where §) R < 1, and hence (from Equation in the
proof of Proposition ) (vf; T (Lt))il is a weakly decreasing sequence. We also assume that, as T
increases, I7 grows according to a ﬁ;ed additional income w > 0 per period; i.e., IT = Ethl Ri-T-

We show the following.

Proposition 3. Suppose that SV R < 1 and (q16™Y) + ¢26?) R¢/ (u (1)) > ¢, (0), and that Ir is
determined by a constant income w. Then there is € > 0 and T > 0 such that Vf — VTE > ¢ for all
T>T.

The above result show that although the agent’s initial discount factor is commonly known to
be 61, and although equilibrium involves a contract that maximises the agent’s expected payoff
conditional on the firm breaking even, equilibrium often involves inefficiency. In particular, the
agent consumes inefficiently late. While the divergence with the earlier literature reflects the choice
of benchmark, it is worth commenting on the reason for our result, focusing on the case where ¢ is

arbitrarily close to 1, i.e. close to the special case of GZ. A firm’s offer aims at increasing the agent’s
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anticipated payoff, and hence increasing the date-2 continuation payoff in case dy = 8, to which
the agent attaches high probability. However, this is subject to the agent’s upward date-2 incentive
constraint, which requires the agent to value sufficiently his anticipated consumption when §, = § @,
Anticipated consumption comes largely from two channels: date-2 utility v (LQ) and the expected
continuation utility from date 3 given that d3 = (). Raising the latter is subject to the date-3
upward incentive constraint at history L?, and in turn calls for a higher value of v3 (L3), explaining

why consumption is more back-loaded than efficient between dates 2 and 3 given do = §(1).

4 Findings for the richer model

While Section 3 deliberately considers an environment where the screening logic is close to HK
and GZ, we now consider the results for richer settings. There are now N > 2 possible discount
factors. Firm beliefs (pn)fj:1 (i.e., true probabilities) are assumed to have full support. We allow
that either u (0) is finite or lim.ou (¢) = —oco. While the backloading logic in the model of Section
necessitates the corner solution of zero consumption in some states (see Lemma , fully interior
equilibrium mechanisms now become possible and indeed will be guaranteed in case lim.—gu (¢) =
—o0. Interiority is an important restriction for some results.

We begin by briefly characterising and commenting on what may be viewed as efficient consump-

tion in this environment. Since we view firms as having the correct beliefs, this maximises

Ep

>t e (1))

where Ef is the expectation under firm beliefs, subject to the firm break-even condition

We assume that the solution to this problem is interior, i.e. consumption is always strictly positive,
which is guaranteed for example if lim.,ou (¢) = —oo or, if u(0) is finite, by the Inada condition
v/, (0) = co. Following the treatment in the previous section, we write the characterisation in terms
of the utilities: for all ¢, all H?, v, (Ht) =u (ct (Ht))

T
Proposition 4. The efficient policy (vtB’T (Ht)> . exists and is unique. If the solution is interior
=

then, for each t > 2, Uf’T (Ht) is strictly increasing in each of the first t — 1 arguments.

Proposition [4] has the immediate implication, of interest in light of the discussion in Section
that the efficient policy is not implementable by a dynamic mechanism. In any mechanism

seeking to implement the efficient policy, the agent will simply send the messages intended for the
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highest realisations of the discount factor. Thus inefficiency appears “hard-wired” given that the
true discount factor realisations are now uncertain.

Now consider equilibrium mechanisms. A direct mechanism gives rise to specific outcomes
(ct (51,H§));‘F:1 for an agent with initial type d; and continuation histories H}. It will be seen

that, for each initial agent type d1, in any equilibrium, these outcomes must maximise

Ea

e (G0 00 3T o (0,7 )]

t=2
subject to the firm break-even condition

T ¢ (61,];?5) -
— T T

Ep | <

t=1

and to incentive constraints for the truthful reporting of 6, at all t € {2,...,7 — 1} and all histories

(51, Hé_l). In particular, for each such history, each §; and each 5t, we must have
T

u (¢ (51,H§_1,5t)) + 0 [ Z H;;tlﬂgsu (CT (51,[{5—1’&, ];1))]
T=t+1

>u (ct (51, Héfl,gt)) + &E 4

T
Z H;;tlJrléSu (CT (517H5175t’HtT+1))] . (5)
T=t+1

Call this Problem III. That the incentive constraints ensure incentive compatibility from date 2

onwards follows by the same backwards induction argument as for the previous section.

The following result confirms that Problem III is central to understanding equilibrium.

Proposition 5. For each 61, there is a unique solution to Problem III. This solution represents the
outcomes in the dynamic mechanism accepted by an agent with initial type 61 in any equilibrium. An

equilibrium with such outcomes for any 01 exists.

In equilibrium, each initial type of agent d; has his expected payoff maximised subject to incen-
tive compatibility from date 2 onwards, and subject to firm break-even. In particular, the agent’s
consumption process is given by the solution to Problem III. Moreover, there exists an equilibrium
in which all firms offer the direct mechanism defined by solving Problem III for every initial type
d1. Note that, while Problem III does not make reference to incentive compatibility of the agent’s
date-1 report, this is satisfied because the constraints of the maximisation for each initial type d; are
identical. Because a firm earns zero discounted profits in the solution to Problem IIT (as defined for
any initial type d1), and because these profits do not depend on the agent’s true initial type, incen-
tive compatibility of the date-1 report follows in particular from the following observation. If a type

61 = 6 can gain by deviating to mimic some initial type 6, then the solution to Problem III for
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6() must represent an improvement on the solution to Problem III as parameterised by 8, = 6,
a contradiction.

As in the proof of Proposition [5] we can rewrite Problem III so that the problem is to determine
agent utilities vy (51,H§) =u (ct ((51, Hg)), call this Problem IV. Let (Uf’T (51,H§)>tT_1 denote the
solution. Our objective is to characterise this solution.

We begin by showing that optimal policies satisfy a particular form of monotonicity, and that
only local incentive constraints are relevant. By local incentive constraints, we mean, at any date
te€{2,...,T — 1}, any history (51, Hg_l), the agent with discount factor &; = 8 prefers to report
truthfully (and then follow truthful reporting thereafter), rather than report an adjacent discount
factor (i.e., 61 if n > 2 or 6"t if n < N —1).

ET
t

Lemma 3. For any date t > 2, any history (51,H§_1), v ((51,H§_1,5t) s non-increasing in O¢,

while

E

T
Z Hg;tlﬂés”f’T (517 Hy ™0y, HtTH)]
T=t+1

is non-decreasing. The solution to Problem IV is unchanged if we omit all incentive constraints other

than local incentive constraints.

The monotonicity finding in Lemma [3] follows from incentive compatibility of the solution to
Problem IV. For higher values of the discount factor, the agent relatively favours higher future con-
sumption streams, and is willing to give up current consumption. Thus the monotonicity properties
are crucial to sorting (in fact, they are necessary for incentive compatibility in general, not only a
feature of the optimal mechanism).

Now considering Problem IV but only with local incentive constraints, we show that upward

incentive constraints hold with equality.
Lemma 4. In the solution to Problem IV, all local upward incentive constraints hold with equality.

That upward incentive constraints hold with equality in the solution to Problem IV can be
explained by the value of increasing the payoffs of higher types. In particular, from the perspective
of date 1, the agent particularly values consumption in the periods following high discount factor
realisations. But consumption after such realisations can be increased only subject to incentive
constraints, and in particular that the agent does not want to mimic an upward adjacent discount
factor. Higher types are thus given as much consumption as possible, subject to upward incentive
constraints.

We now consider how contractual terms vary with changes in the agent’s date-t discount factor
d¢. In particular, we are interested in how the firm’s expected discounted continuation cost of the

agent’s consumption, at any date t € {2,...,7 — 1} and any (51,H§*1), varies with the agent’s
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realized date-t discount factor. This cost is given by

B iqb(w <517f§t_1£6“ﬁg“)) - 0

T=t

In providing the result, we use the notion of the “continuation policy at history (51,H§_1) for
. _ T . . ..
discount factor 6(™” to mean the sequence (v.r (61, H; 15 -))T:t. The continuation policies at

history (51,H§_1) for two distinct discount factors 6() and 6("") are distinct if the continuation

policies are different: (vT (51, Hé_l, (5(”l), -))f:t %+ (UT ((51, Hé_l,é(""), ))T

T:t.

Corollary 2. In Problem IV, for any date t € {2,...,T — 1}, any history (51,H§_1), the firm’s
expected discounted continuation cost (as given by Equation @ ) is weakly increasing in 6;. For two
discount factors 8, = 60 and 6, = 6"), 60) < §0") if the continuation policies at (61,H§71) are

distinct, then the firm’s expected discounted continuation cost is strictly higher for & = 6.

The result shows that when the agent realises a lower discount factor, at dates ¢t € {2,...,T — 1},
then he receives worse terms in the sense of a lower expected NPV payout, where the NPV is
calculated according to the firm gross interest rate R. The result has value when there is at least
some separation in the terms received by the agent when realising different discount factors from
date 2 onwards. The following example illustrates in a tractable setting that indeed full separation

can occur.

Example 1. Let T'= 3 and u (¢) = y/c. Suppose that discount factors are commonly believed to be
uniformly distributed over values (") = § + % (5 — é), forn=1,...,N, where 0 < § < §. Hence,
Gn = pn = 1/N for all n. If N is sufficiently large, then for all §;, ve (d1,02) is strictly positive and

strictly decreasing in d2, while vs (d1,02) is strictly positive and strictly increasing in ds.

The example confirms that, for a plausible setting with agreement on beliefs — a “neoclassical”
setting in the language of HK — the agent finds reporting to be less patient, and thus taking earlier
consumption, more expensive. This higher expense is judged using firms’ intertemporal preferences as
captured by the gross interest rate R. As noted in the Introduction, this differs from the implications
discussed by HK of a possible alternative neoclassical model (p 2300).

To illustrate Example [, we compute numerically a particular case, displayed in Figures [T{3}
Figure[I|shows that when the agent has a higher realised discount factor d2, he receives in equilibrium
better terms in the sense that the NPV of consumption from date-2 onwards, using the firm’s gross
interest rate R, is higher. Thus, if the agent chooses front-loaded consumption at date 2 (as he
does when Jo is small), he is penalised through worse terms (according to the gross interest rate
R). Consumption is naturally then lower at date 3. Compared to the efficient policy (as studied at
the beginning of this section), the dispersion in consumption is reduced due to the need to respect

incentive constraints. In other words, higher types consume too little and lower types consume too
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much. This reflects that incentive compatibility limits the extent to which the firm can favour more

patient types (as demanded by the efficient policy, see Proposition .

Figure 1: NPV of firm’s date-2 continuation cost
N =10
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Figure 2: Equilibrium and efficient date-2 consumption
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Date-2 consumption c3 (1,d2) as function of dy: efficient (grey) and equilibrium (black).
Parameterisation as in Examplewith 0=05,6=1, N=10, R=3/2, I3 =3.
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Figure 3: Equilibrium and efficient date-2 consumption
N =10
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Date-3 consumption c3 (1,d2) as function of d2: efficient (grey) and equilibrium (black).
Parameterisation as in Example [I|with § = 0.5, § =1, N =10, R = 3/2, I3 = 3.

One important feature of the contracts predicted in HK is the large magnitude of the penalty for
electing earlier consumption. They emphasise their prediction of “large penalties for falling behind
[the] front-loaded repayment [i.e., delayed consumption] schedule” (p 2280). In our setting where
agent and firm beliefs agree, and with many types, the equilibrium mechanism is flexible in the
sense that a small reduction in patience corresponds to a small change in contract terms. Large or
discontinuous changes in payment terms are possible with belief agreement, but then seem to be a
feature of specifications with a small number of types. For instance, for the parameterisation consid-
ered in the figures, but setting N = 2, the firm’s discounted continuation cost of agent consumption
after an initial discount factor §; = 1, i.e. ca(1,d2) + ﬁR’%), moves from 3.57 if § = 1 to 3.10 if
02 = 0.5, a 13 per cent fall in the NPV of consumption. The key reason for HK’s finding of large
penalties for delayed repayment (which can be read as early consumption in our model) is different
and seems sourced in the agent’s misprediction of his future preferences and behaviour. Because the
specification in Section [3] replicates the logic in the models with quasi-hyperbolic discounting, our
model can also account for situations where small differences in preferences (e.g., where 6@ — 5
is small in Section is associated with discretely different consumption behaviour, with a large
effective penalty (evaluated according to the gross interest rate R) for early consumption.

To further analyse the structure of equilibrium repayment, we refer to the argument in the
proof of Example [I} where we derive necessary conditions for optimality in Problem IV when T' = 3
generally. These conditions apply provided the solution is interior (consumption is strictly positive)
and separating (higher values of d9 receive lower date-2 consumption and higher date-3 consumption).
Let A be the multiplier on the firm’s break-even condition, let v1 be the date-1 utility, (wn)ﬁle be
the date-2 utilities at each discount factor d, = 6, and let (zn)s;l be the corresponding date-3
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utilities. Let Q,, = Zzzn qn- The necessary conditions can be written:

L=\ (v1); (7)
P
01 = R an¢/ (wn) ; (8)
n=1
for n > 2,
P
0= <5(n) — 6(n_1)> (51Qn - E Z pmgbl (wm)>
Apnd™ \on ., .
+ 20— (wa) = G50 () (9)
and
SR (1) = ¢' (21) - (10)

One set of insights suggested by these conditions relates to distortions in the timing of date 2
and date 3 consumption. In particular, note that for a fixed amount of consumption (in NPV terms,
according to the firm’s gross discount factor R) to be efficiently distributed between date 2 and date
3 for a given &y = 6(™ requires

5(n)R¢, (wn) = ¢’ (2n) -

This condition is necessary and sufficient for the agent’s payoff not to be increased by any movement
of consumption between dates 2 and 3 in state d = 6(™, subject to such change not reducing the
firm’s profit. Then Equation provides a sense in which there are “no distortions at the bottom”.
Using Equation , and the assumption that agent beliefs (g,,) first-order stochastically dominate
firm beliefs (py,), the first term on the right side of Equation @ is strictly positive, for n > 2. This
implies

5" R (wn) < ¢ (20) (11)

and so consumption is “too backloaded” relative to efficiency. These observations can be summarised

as follows.

Proposition 6. Let T' = 3 and fix §1. Suppose the solution to Problem IV is interior (all consumption
is strictly positive) and that the mechanism is separating (higher values of do receive strictly lower
date-2 consumption but strictly higher date-3 consumption). Then for all values do = 60 n > 2, the
agent’s date-2 continuation payoff given do can be increased in the absence of incentive constraints
by shifting consumption earlier (i.e., to date 2), while leaving the NPV of firm profits unchanged. In

this sense, equilibrium consumption at dates 2 and 3 is inefficiently backloaded.

Proposition [6] provides a sense in which inefficient backloading of consumption can occur in

equilibrium, including when the agent and firms have common beliefs (¢, = p, for all n). Notice
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that the statement is conditional on the realisation of the discount factor d9 and so the statement
is not sensitive to the beliefs over discount factors one may apply to evaluate welfare. It is also
worth observing that the distortion described in Proposition [6] will often vanish for the highest type
69 = 0V) as the number of types N becomes large (we might say there is “approximate efficiency at
the top”). The calculations in the proof of Example (1| imply that, at least in this example, we have
¢ (z2n) — MR (wy) — 0, and so there is approximate effiency in the timing of consumption for
the highest type.

The reason consumption is more backloaded than efficient in the sense of Proposition []is simply
that increasing the date-3 utility of a given value of o > §(1) relaxes the upward incentive constraint
pointing to this type. Indeed, higher types have a relative preference for more backloaded con-
sumption, compared to those types below. The effect can be understood by considering an envelope

representation of the agent’s date-2 continuation payoff:

wy + 6z, = wy +0W 2 + i (5(i) - (5("*1)> 2.
=2

This expression is derived using that upward incentive constraints bind. Increases in the date-3
consumption z;, for some i > 2, increase the date-2 continuation utility wy, + 6(™z, of all higher
types 89 = 6(™ > 6 while leaving the utilities of types below 6 unchanged. This increases the
extent to which the mechanism can favour higher realisations of d2 at date 3 (which, as we have
seen, is associated with greater efficiency) while respecting incentive compatibility. This effect on
the dispersion of date-2 continuation payoffs does not apply however for do = 6(1): an increase in z;
raises the date-2 continuation utility of all types equally. This helps to explain why we predict the
efficent level of backloading between dates 2 and 3, conditional on dy = §(1),

Another useful perturbation that can shed light on the dynamics of equilibrium and efficient
consumption is to consider shifting utility into the subsequent period by a constant that does not
respond to type. This has the advantage of preserving incentive constraints and is therefore a relevant
perturbation both in Problem IV and in studying the efficient policy. For T" > 3, we consider such
perturbations at dates t € {2,...,T — 1} conditional on history (51, Hé‘l), as well as between the
first and second period. We find the following.

Proposition 7. Consider any T > 3 and suppose both equilibrium and efficient consumption are
interior — i.e., all consumption values are strictly positive. For any t € {2,...,T — 1}, any history

(61, HY™Y), the equilibrium utilities satisfy

o o (o7 (5. )) ] - R[] [ (687 (5.8
while the efficient policies satisfy

Er |0 (o571 (01, H57,80001) ) | = RER |8 Br | (o7 (01, 157,5:) )] -
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Similarly,

o o (47 (50))] = i (75

£ o (7 (5.5)] = o (427 00).

We have the following corollary to Proposition [7]

and

Corollary 3. Suppose T > 3. If u(c) = In(c), the interiority assumption in Proposition @ holds

’ . B . Epeiyr (01, H
and we have ¢’ (u(c)) = c. Therefore, fort € {1,2,...,T — 1}, the ratio Er[er (0107

larger for equilibrium consumption than efficient consumption. The ratio is the same in both cases if

15 weakly

firm and agent beliefs agree. For t > 2, the ratio is strictly larger for equilibrium consumption than

efficient consumption if the agent is strictly more optimistic about patience than the firm.

These results give a sense of how agent beliefs affect the rate of growth, or rate of decline, of
equilibrium consumption relative to efficiency. The corollary shows that it is possible to compare
the rates of growth (or decline) of expected consumption in the logarithmic case, with equilibrium
consumption more backloaded than for the efficient policy, strictly so if the agent is more optimistic
than firms. The reason for this result is that, when the agent is more optimistic about future discount
factors, he attaches more weight to future consumption. In equilibrium, firms pander to the agent’s
beliefs by delaying consumption, thus raising the agent’s expected payoffs from the contract at the
time of contracting.

It is worth noting here that [ and [7] represent distinct though related exercises, calling for careful
interpretation. Consider the case of T = 3 and the case of common beliefs. Suppose both results
apply to the equilibrium contract, i.e. the equilibrium consumption values are interior and the
contract fully separates types ds, as in the case of Example [I] for large enough N. Then, from the

arguments surrounding Proposition |§| (see Equation , we have

RS a0t (o9 (3,50)) < ZW( 5 (51,50)). (12
n=1

From Proposition [7, we have

R(3o0) S (o2 (567)) = o (o5 (3.). 13)

The difference in and is explained by the fact that sz )3 (51,5(")) is decreasing in §().
Thus, in Proposition [6] we find that consumption is inefficiently backloaded to 3 from date 2, while
in Proposition [7] we find that the ratio of the firm’s expected marginal cost of date-3 utility to the
expected marginal cost of date-2 utility is the same as for the efficient policy. These findings are not

contradictory.
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We now further interpret Equation , and because the point is more general, consider now
the case with 7' > 3. Suppose still that the agent has correct beliefs. Then, for t € {2,...,T — 1},

i [of (o7 (0 B 5050 )] = e [5] B [of (o7 (50, 1574,3))].

Consider changing date-t+1 utility by € and date-t utility by —cEp [St] , following history ((51, H 5_1).
This keeps agent expected payoffs unchanged conditional on history (51, Hé_l). The corresponding

change in firm payments conditional on history ((51, H;fl) is

Ep [qs (vtEvT (51, H St) —¢Ep [St} )} Y Ep [¢ (vﬂ{ (51, HEL G, SH) v a)}
- (EF [@f) (UE’T (517H§71,5t))} +Ep [@f) <Uﬁ? (51,H571a5t75t+1))}) .

The expression is convex in ¢, showing that the cost-minimising choice of € over feasible values (i.e.,
such that the resulting utilities are interior) is ¢ = 0. It is then immediate that, considering shifting
utilities at date ¢ and date-t + 1 after history ((51,H§_1) by a constant independent of (3t75t+1>
cannot raise the agent’s expected payoff without increasing the expected cost to the firm.

Referring back to Equations and for the case of T' = 3 and t = 2, the above implies
that, in case solutions are interior and under full separation, utilities are too backloaded state by
state (i.e., for each value of d3), but neither too backloaded nor too frontloaded if we instead consider
shifting per-period utilities by a constant independent of the state. In the above exercise, taking
€ < 0 and hence shifting utility earlier, we see that the change results in a compression of expected
discounted payoffs and a relative worsening of the terms of higher types in terms of the NPV of
firm expenditure. This helps to explains why shifting utility by a constant yields a different effect
compared to shifting utility state by state.

Away from the case where agent beliefs are correct, suppose that the agent is more optimistic
than the principal. Then, for T >3 and ¢t € {2,...,T — 1},

Ep [¢’ (v,{i{ (51,H§‘1,5t,5t+1>)] > REp [St} Ep [¢’ (vaT (51,1{5—1,&)” .

It then follows that decreasing utilities by a constant at date ¢ 4+ 1 and increasing utilities by a
constant at date ¢, following history (51,H§*1), such that agent expected payoffs under correct
beliefs are unchanged, decreases the NPV of firm expected payments. Similarly, shifting utility
earlier in this way permits an increase in agent expected utility under correct beliefs that holds firm

expected profits constant.
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5 Conclusions

A body of work in behavioural contract theory studies present-biased agents by specifying models
with quasi-hyperbolic discounting. This paper suggests an alternative framework based on stochastic
discount factors that could be a useful complement to the existing literature. Given that the fully
naive agent with quasi-hyperbolic discounting arises as a limiting case of our model, our framework
can be viewed as an extension (in a particular direction) of the workhorse model in the literature.
This extension includes an agent with correct beliefs. It is then of interest to understand which
intuitions and logic from models of quasi-hyperbolic discounting with naive agents survive as we
move towards the case of correct beliefs.

In the present paper we have applied our alternative framework to a model of competitive
credit markets, following closely the work of HK and GZ. In Section |3, we studied a setting with
only two realisations of the discount factor, where firms know that the low value always occurs.
This specialisation highlights that a similar logic to the existing literature must apply, although
the agent believes the discount factor is stochastic. While the forces shaping equilibrium contracts
are essentially the same, a natural choice of welfare benchmark implies that consumption is our
model is inefficiently delayed. In Section [4] we consider a setting which allows more values of the
discount factor and assumes full support over these values, nesting the case of correct agent beliefs.
We then show that the agent being penalised for choosing options with earlier consumption is a
robust feature of equilibrium mechanisms, including in the case where the agent has correct beliefs.
We also provide results showing how equilibrium consumption is often inefficiently backloaded — we
show that this holds in a three-period model when the contract involves the appropriate separation
of types. Separation is verified in a natural special case with correct beliefs. While contractual
distortions do arise in the case with correct agent beliefs, regulatory intervention cannot improve
agent welfare. In this case, the appropriate beliefs with which to measure welfare are unambiguous,
and it is not possible to raise agent expected payoffs without violating either firm participation or
incentive-compatibility constraints. From the perspective of a regulator that does not know the true
model, observing that credit contracts penalise consumers for early consumption (or late repayment)

does not imply that regulatory intervention can improve consumer welfare.
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Appendix: Omitted proofs

Proofs of results in Section [3

Proof of Lemma[l We begin by observing that in an incentive-compatible mechanism, for any 2 <
t<T—1,and any H*"! € HE,

o (H,60) = 0 (1, 62) (14)
and
T T
Ea| Y M2} b0, (Ht—1,5<2>, }11) >Ey | > 2L b (Ht—l,é(”, }11)], (15)
T=t+1 T=t+1

with both inequalities strict if and only if at least one of and hold as a strict inequality. To
see this, first we can write as

Ea [Zf:m H;tlﬂgsvf <Ht_lv 5@, ﬁgﬂ)}

o ( gt 5<1>) o, ( Ht—175(2)> > 6@ e [Zf:m . (Ht—l,a(n,ﬁgﬂ)] (16)
If the inequality fails to hold, then
- - Ea |30, 2L b0, (HY, 6@ HY
o <Ht 1 5(1)) __ <Ht 1 5(2)> > 5@ I;A[[thil H;ZISZ)@T<<Ht1,5(1), IZT;)H (17)

and so is violated. So we can conclude is satisfied. Then if fails to hold, both types
strictly prefer to report 6.

Now, note that, when both of and hold as equality, both types are indifferent across
both reports; i.e., both incentive constraints and hold as equality. It is easy to see we cannot
have exactly one of these two inequalities hold as equalities, and if both are strict inequalities then
at least one of the two incentive constraints is strict. (For instance, if (3)) holds as equality and hence
equivalently holds as equality, then the reverse strict inequality as in inequality holds, i.e.
holds strictly.)

Suppose now that holds as a strict inequality at date ¢ s.t. 2 < ¢t < T — 1, and history
H'*' € #E with the difference between left and right sides equal to x. Increase v; (H t*1,5(2)) by
x (1 — q2) and decrease vy (H t=1 5(1)) by zgs. Now, holds as an equality and since holds
strictly, we have holds strictly. Moreover, for any period ¢’ < t, the expected agent continuation

payoff from ¢ + 1 onwards conditional on having reported HY € H%, as determined by

T

T—1 5 "
Z Hs:t’+158UT (Ht 9 2;4»1)] ’

T=t'+1

Ea
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remains unchanged. Hence all incentive constraints at dates before ¢ are unaffected, and the same
is clearly true for incentive constraints after ¢. Thus, it is easy to see that all incentive constraints
remain intact.

Finally, note that the agent’s expected payoff has not changed and firm profits are either un-
changed or increase if H™! is the sequence comprising only 6(!). The change can be implemented
at every t, 2 <t < T — 1, and H*"! such that holds as a strict inequality.

O

Proof of Lemma[Z Suppose now that all incentive constraints (3) hold with equality. By substituting
this equality for ¢ = 2 into the agent’s expected payoff, we obtain

U1 (5(1)> +6WE,

va (5<1>, 52) + i =150, (5(1>, F. ,st)]
t=3

(5(1) 7 5(2))
SOEL [T, ng—z}su (e (60,62,85,...,5,) )] ]

)

M, M)
—u; (5(1)) — a2 (5(2) _ 5(1)) v (5<1>,5<2>) + 201 { SR, [23:3 Hi;gs(u (Ct (521)’ PO A gtm ]
ZT: 15,0, <5<1>, 5D 5y ,St)

)

—u (5<1)> — g (5@) _ 5<1>> " (5(1>, 5(2>) + (q15(1> n q25(2>) " (5(1>, 5<1>)

T
Z Hé;égsvt (5(1), 5(1), 83, PN ,St)] .
t=3

— (5<1)> — (5@) - 5<1>) o <5(1>, 5(2)) + go6® { )

T
+ q16® <v2 (5<1>, 5<1>) +6WE, |3 L0, (5<1>, P . ,St)
t=3

+ oW (W <5<1>, 5<1>) +6WE,

+ (Q1(5(1) + QQ5(2)> sWE,
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We then observe that, for 7 € {3,4,...,T — 1},
T
Z HZ;},.SSUt LT_I, Sq—, N ,St
> T ( )
T ~ ~
=20 (vT (L716@) + 60E, | S ML G (L7162, 6,00, @)D
t=7+1

_ (5@) _ 5(1>) 420r ( L 5(2>)

3 (Lf,sm,_..,st)])

t=71+1

5(1)EA

+ g6 (w (L) + 6WE,

:qQ5(2>( (L) + 60 EA[Z =L, Sey (LT,STH,...,&)]>

~ (5@ _ 50 gon LT—: ;(;
(6% = 60) qoor (277, )

Z Hs 7'+1(S Ut (LT7ST+17-~'7St)]>
t=7+1
Z Hs T+1($ V¢ (LT,ST+1,...,SLL)]>

t=17+1

+ q16(1) (UT (L") + sWE,

= (q15<1) +q25(2)) ( (L7) + 64

_ (5@) _ 5<1>) P ( Lt 5<2>) ,

Substituting iteratively, we find that

1 (5<1>) +6WE, lvg (5<1>, 52> + ing—gssvt (5<1>, . ,8t>

=1 t—1 T—2
= (@60 + 08 ) o (L) + (@180 + 0@ ) 50 (L7)
t=1
T-1
50 4+ q26@) "o (6@ — 6D gy (L1 52 (18)
2 (611 q2 ) Q2< )vt( )

Now, consider a relaxed program in which we maximize subject only to the constraints that
the firm makes non-negative profit and that utilities are no less than u (0). First note that, for any
t € {2,...,T — 1}, the obective is decreasing in v, (Lt_1,5(2)), so these must be equal to u (0) = 0.
Second, because T is finite, satisfaction of the non-negative profit constraint requires that utilities
are uniformly bounded across histories L!. Hence, a maximum in the problem exists. It is easy to
see that the firm makes zero profit. Because these will correspond to the equilibrium utilities, we
index the optimal values with a superscript E. In particular, the utilities maximising are given
by vtE’T (Lt), t=1,...,7, and vf’T (Lt_1,5(2)), t=2,...,T — 1. Using strict convexity of ¢, these

values are uniquely determined.

31



Now we can determine an incentive-compatible mechanism with the utilities vy (H t), H' ¢ HE.
For t = 1,...,T, o (L') = v" (LY). For t = 2,...,T — 1, let 4 (Lt_l,é(z)) = o T (L1,60)) =
u (0). We complete the specification by setting, for any period ¢ € {2,. — 1} and history such
that H! = (Lt*1,5(2)), all subsequent utilities to be constant; i.e. for all H+1 with 7 > ¢ + 1,
let 0, (Lt_l, 52, HtTH) =7 (Lt_l7 5(2)). Then, all incentive constraints occurring after the history
(Lt*1,5(2)), i.e. at date t + 1 or any later period, are satisfied trivially. We only need to ensure
incentive constraints occuring at t € {2,...,7 — 1} at histories H*=! = L'~!, and we do so such
that the constraints hold with equality. This can be achieved iteratively working backwards. For
t =T — 1, we choose U (LT_Q, 5(2)) =7 (LT_Q, 5(2)), with o (LT_Q, 5(2)) satisfying

of L (ET7Y) + 80P (E771) = w (0) + 605 (L772,6@))

So we have holds with equality at H' =2 = LT~2, while is satisfied because O (LTfl) =
WET (LT-1) < 3 (172,60 = o (L7-2,5).

Now, for any ¢t € {2,...,T — 2}, if 0, (Lt HtT+1) all H, | € ATt have been determined for
T > t, specify v (Lt_l, 5(2)) as solving

T .
(Lt +5(1)EA [ Z 7 _ti—lgsﬁf’ (Lt, ﬁ[;’_l)] —u (0)+5(1) Z <Q15(1) + q25(2))‘r (t+1) . (Lt_l, 5(2)> .
I=t+1 TI=t+1

Thus, we have specified, for 7 > ¢, all Hf,; € A" o, (L*1,6@) H] |) = o (L*,6®). And
hence, 0, (Lt LV HT ) is determined for all 7 > ¢ — 1, all Hf € AT-'*1. Thus, proceeding iteratively
backwards, we specify the entire mechanism. The mechanism is constructed to ensure constraint
holds with equality at histories L=, 2 < ¢ < T — 1. That ({2)) is then satisfied follows because at

these histories,

T
Eq Z =100 (L t+1>] <Ex Z 7= 105 (Lt '8®, tT-&-l)]
T=t+1 T=t+1

_ ZT: (q15(1) n q25(2)>7—(t+1) . (Lt’1,5(2)) .

T=t+1

This completes the proof.

Proof of Proposition [l The argument exactly follows Citanna et al. (2023), reproduced here for

convenience. Consider the programme:

{Ut}t 1 \t=1

T-1 o _
Vr (B, Ir) = max { <Q15(1) + Q25(2)) v+ 8 <Q15(1) + Q25(2)) ’UT}
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subject to

Z Q;E:z) < Ir.
t=1

By Lemma 2, Vi (6 ON IT) is the agent’s equilibrium payoff in the T-period version of our original
model when discounted income is Ip. Then, because the benchmark-discounting problem is well-
posed, (VT (q1 M) 4+ 26, IT));?:?) is bounded from above and it is a non-decreasing sequence. Hence

it has a finite limit and so the sequence is Cauchy:
Tlgréo (VT (Q15(1) +¢20®@, IT) —Vra (Q15(1) + 26, IT,1>> =0.

For any T' > 3, we have

T

Wit Wi =V ((‘Mm + (J25(2)) JT) - <q15(1) + q26(2)>t_1 vt (L) > 0.
t=1

But then
Z <Q15(1) + Q25(2))t71 vt (L) = Vr (5(1)7 IT) >Vra ((Q15(1) + Q25(2)) ,IT—1) :
=1

This implies that
Vr ((CI15(1) + QQ5(2)) JT) —Vr ((CI15(1) + (I25(2)> ,IT—1> > Wi —WF >0

as desired.

Proof of Proposition[J The proof of Lemma [2] follows from an analysis of Karush-Kuhn-Tucker
T
(KKT) conditions. First consider the programme determining the equilibrium utilities (vf T (Lt)> v
t=
The constraints are the zero lower bounds on utility and the firm’s break-even condition. That KKT
T
conditions are valid for the optimum (vtE T (Lt)> ) follows from a standard constraint qualification.
=
T
For instance, noting that I > 0 and hence (UtE T (Lt)> . is not degenerately zero, the gradients of
t=

T
the active constraints evaluated at (v;E T (Lt)> are linearly independent.
t=1
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The Lagrangean is

T-1
(@10@ +@26@) vy (L) + (@16 + 26) 5Dy (LT)
t=1
T
Lt
A( )
t=1

Here, (vt (Lt))tT:1 are the utilities to be chosen, A represents the multiplier on the firm’s break-
even condition, and (Mt)tT:1 are the multipliers on the non-negative utility constraints. Necessary

conditions for an optimum are: (i) for t <7 — 1,

t—1 A
(q15(1) + q25(2)) + o = 71 @ (vt (Lt)) )

(i)

T-2 A
(Q15(1) + Q25(2)> s + pp = RT-1 ¢ (vr (L7)),

(i)

NS

T — ; Rt_l )
and (iv) for t € {1,2,...,T},
MUt (Lt) =0.

In addition, the constraints must be satisfied (I — Y7, % > 0 and vy (L) > u(0) for

T T
all ¢) and multipliers must be non-negative. We let ((vE’T (Lt)) . AT (,uf ’T> 1) denote a
t= =

KKT solution and note that, by convexity of ¢, < (Lt)) ) maximises the Lagrangean given the
t

multipliers <)\E’T, (uf’T> 1). Note that (i) and (ii) above imply A®7 > 0.
t—
Now, let p be the inverse of ¢’. We can write, for t < T — 2,

(Q15(1)+Q25(2))t_1Rt_1> . ((115(1)+q25(2>)t_1Rt_1 ’
ET if BT > ¢+ (0)
(L = ( A g (19)
0 otherwise.
Also,
G160 g6 251 gT -1 (16D 4gos@) T2 51 gT—1
T/ T (( - 2 )\E),T if ( - > )\E),T > ¢/+ (O)
(L") = (20)

0 otherwise.

Now consider the efficient policy, which recall solves the problem of maximising the agent’s

utility subject to the firm breaking even when the agent’s discount factor is 6(Y). The problem
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and analysis is the same as above if we set ¢t = 1 and ¢o = 0. A corresponding KKT solution is
T T

denoted ((Uf T (Lt)) . BT (uf ’T> 1), where ABT > 0. The efficient policy is thus given, for
t= =

1<t<T,
51 t_lRt—l (s t_lRt—l
i gy [ (=) 200
Ut =

0 otherwise.

(21)

Now let us prove the claims in the proposition. Because the firm’s break-even condition is the
same across the two cases, and because p is strictly increasing, we must have A\BT < A®T and thus
o7 (500) > o (50).

Consider next ¢ < T — 2, and suppose UF’T (LY > UF’T (L") and vtE’T (L') > 0. Then

(CI1(5(1) + q25(2))t_1 Rt1 N (5(1))t—1 Rpt-1
AET = \BT

fort+1<s<T-1
(Q15(1) + q25(2))5_1 Rs-1 (5(1))5—1 Rs-1

\ET > ABT
and
(10D + q25<2>)T—2 s pT-1 (5(1))7“—1 RT-1
\ET > A\B.T :

This shows that, for all s > ¢, v27 (L%) > 27 (L*); and v (L*) > ot (L?) if ot (L?) > 0.
Considering t =T — 1, v?’_Tl (LT_I) > v?’_ji (LT_I) and vg’_Tl (LT_I) > u (0) implies

(q16(1) + q25(2))T—2 RT-2 y (5(1))T_2 RT-2
BT = \B.T

and hence
(0D 4 6@ 2 RT-1 ()T pT—1
\ET > \BT

Therefore, U?T (LT) > U?’T (LT).

Proof of Corollary[1l Note that «/, (0) is a standard Inada condition guaranteeing interiority of so-
lutions by a simple perturbation argument (any policy that specifies zero utility at some date can
be strictly improved by slightly increasing utility at that date and decreasing it at some other

date). If vf’T (L) > vf’T (L), then recalling T" > 3 and the Equations —, we must have
T T
T (L") > Pt (L") for t > 1. Since (UtB’T (Lt)) | generates zero firm profits, (vf’T (Lt)) ,
t= -

must generate negative firm profits, a contradiction. Therefore, vf’T (L) < le’T (L). Proposition
implies that if UE’T (Lt/> > ’UE’T (Ltl) for t' < T — 2, then BT (L%) > BT (L?) for all s > t/,
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and in this case we can take t* = ¢’ in the corollary. From Equations — and the fact that
the firm earns zero profits under both (vf T (Lt)>il and (v;LJ T (Lt))il, we can see that the only
other possibility is that Ur?:[l (LTﬁl) > vqff;Tl (LT*1)7 and UQEJT (LT) > v?’T (LTfl) and in this case
t*=T—1.

O

Proof of Proposition[3. We begin with a preliminary observation: If dMR =1, then, for any T,
vtB’T (Lt) —wforalll <t<T. If6MR < 1, then UE’T (Lt) converges pointwise as T — oo to a
weakly decreasing sequence (UF’OO (Lt))til.

The observation for (VR =1 is becz;use, for each T, efficient consumption is constant over time
with the firm earning zero profit. Consider then the case where §)R < 1. There exists a A® > 0

such that /\C? > AP for every T-period efficient problem. In particular, we have

¢ (u(l)) = ¢ (vF' (L) = 157

implies
1
)\B,T >
¢ (u(I))’
as period 1 consumption does not exceed I.

This implies that utility in period ¢, UF T (Lt), for any horizon T, is bounded above by

51 i—le—1 (s t_lRt—l
p () i EUE o )

0 otherwise.

There is then T such that this bound is 0 for all ¢ > T i.e., there is no consumption after 7. It
is easy to see that, at each horizon length T', the budget constraint is satisfied with equality, hence
ABT s in fact uniquely determined and must eventually be decreasing with 7. Hence, for each t,
vf T (Lt) is non-decreasing in T for all T sufficiently large.

Moreover, noting that vf’T (L) > 0 for all T, we have ABT = m. As T — oo, we must
1

have ABT — AB:> for some AP > 0, and utility converges pointwise to

(5(1))t_1Rt1> . (5(1))’5—131571 ,
P\ —aBx= if 7002 (b (0)
UzB,oo (Lt) _ ( B B +

0 otherwise.

(22)

T
In order that the firm earns zero profit for (vfg T (Lt)) ) for large T, and because It — I as
t

: e - . Beo(pt
T — oo, we must have zero profit also in the infinite-horizon problem: i.e., Y ;°, w = Iy
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Therefore, v (L) > w.
We now prove the result in three cases, according to the value of (qlé(l) + q25(2)).

Case 1: (qlé(l) + q26(2)) R < 1. In this case, by the same argument as argued in the observation

above, the utility vf T (Lt) converges to

S 4gos@) T RIETY L (5M) TR
N (e R AL
Uy 7 (L ) = (23)
0 otherwise,

o
as T — oo, where A" = limp_, o m > 0. As above, utilities (vf e (Lt)) generate zero
U1

t=1
o I G )
profit for the firm over the infinite horizon: ) 2, =t = I.

We now show it is not the case that vf’oo (L) = u(Is) by supposing that it were. Then

)\E,oo — 1

FEI=) and so

- 5U £ 656N R
o (o (1)) = @I )

— (9 + 26 B (1)
> ¢ (0),

where the inequality is assumed in the statement of the proposition. Hence, vf e (LQ) > 0 and so

oo
the firm earns strictly negative profit from <vf e (Lt)) . in the infinite horizon, in contradiction
—

to our previous claim. We have therefore shown that le (L) < u(Ix). By Equation and
because the firm earns zero profit in the infinite horizon problem with utilities <vf o0 (Lt)) X we
t=

have vy (L?) > 0.
o0 o0
That the firm earns zero profits in the infinite horizon under both (vtE = (Lt)) : and (v? > (Lt)> g
t= t=
together with Equations and , then imply that AP> > A% and in particular, UIE’OO (L) <

vf °°(L). As a consequence, there exists a ¢ > 0 and T sufficiently large that, for all T > T,
WPT(L) = ABTg (vaT (L)) <oPT (L)~ ABTg (levT (L)) +e

= max {vy (L) = A6 (01 (D)} + (24)

where we use strict convexity of ¢ and the fact that o7 (L) maximises v (L) — ABT¢ (v; (L)), while

vf’T (L) remains bounded away from vf T (L) for all large enough 7.
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Therefore, for all T > T,

ST (50) TP (L) = max {ZT: (50) 7w (1) + AP <IT -y w»

— (v (L)L,

T

where the maximisation is over v¢ (L) > 0. The first equality holds because (vf T (Lt)> | max-
t=

imises the Lagrangian expression above, with multiplier A®'7, with the zero-profit condition satisfied

with equality. The inequality follows by the inequality . The fourth equality holds because
T

(vf T (Lt)> ) satisfies the zero-profit condition with equality. This shows precisely the claim that
i= _

VTE—VQEEEforaHTZT.

Case 2: (qlé(l) + q26(2)) R = 1. In this case, for each T, we have

q15(1) +q25(2) t—1 Rt-1 1
¢ (”tE7T (Lt)) = ( /\B,T) = \B.T

for t <T — 1, while

(1) @N\T=2 51) pT-1
(5 @) = { T )

\B.T

s 1 ,
= max q16(1) T q25(2) )\B,T’¢ (u (0)) .

T

Then, because (vf T (Lt)) ) satisfies the zero-profit condition with equality, we must have ¢ (vf T (Lt)> >
t=

wfor all t < T —1. Let a¥ = v;"" (L*) for t <T — 1. Then

~

w
t—1"

R

-1 T T
o (u
ey

t=

t=1

We conclude that ¢ (aT) — w as T — oo.
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However, as noted above, given 6 R < 1, we have ¢ (vf’oo (L)t w. This shows that there is
a ¢ > 0 and large enough T such that, for T > T, the inequality (24) is satisfied. The rest of the
argument is then as in Case 1.

Case 3. (qlé(l) + qz5(2)) R > 1. In this case, there is 7 > 0 and T sufficiently large that, for all
T > T, vP"" (L) < w —n. Otherwise, there is a subsequence (T,) along which vr" "™ (L) > w — L

For m sufficiently large (for instance, using the expressions for vf T (Lt) in Equations and ),

Tm
the policy (v;LJ Tm (Lt)) ) violates the zero-profit constraint. The remainder of the argument is then
t=
as in Case 1 and Case 2. In particular, using ¢ (vf’oo (L)) > w, we have that there is a ¢ > 0 and
large enough T such that, for T > T, the inequality is satisfied. Then the rest of the argument
follows Case 1.
O

Proofs of results in Section [

Proof of Proposition[j. In utility space, the problem can be written as maximising

Ep

gngzgssvt (gt)]

subject to

e [soo )] -

Rtfl
t=1

First consider existence. Utilities are bounded above owing to the firm’s break-even condition. If
u (0) is finite, the problem amounts to maximising a continuous function over the compact set of
values v; (H') > u (0) (where t € {1,2,...,T} and H' € A!) satisfying the zero-profit condition .
In the alternative case where lim.,ou (¢) = —oo, we may without loss of optimality consider the
U (H t) to be bounded below by some suitably small lower bound, so again we are maximising over
a compact set.

Uniqueness is similarly straightforward using strict convexity of ¢. Were there two optimal
policies, a convex combination would yield the same agent expected utility but a strictly positive
firm profit. This policy could be strictly improved by increasing the payment to the agent at any

date and history, contradicting the optimality of the original policies.
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T
Assuming interiority, the optimum — call it (vf T (H t)) L maximises the Lagrangian

t=

T N N

SN (Hamypa,) (G0 ) v (8600 50)

t=1n1=1 ng=1

N N (1) §(ne)
BT ¢(”t(5 1is ))
T (13033 ) SO
t=1m=1  ng=1
for some multiplier A%T > 0. The stationarity condition is then, for each ¢, each (5("1), ces ,5(7”)),

o (o8 (500,.... 500 ) = Bt

Because ¢’ is increasing, it follows immediately from this expression that vf T ((5("1), .. .,5(m)) is

strictly increasing in each index ng, 1 < s <t.

O
Proof of Proposition[J. Given 61, Problem III can be written as a choice of utilities (vt (Ht))thl
maximising
T ~ ~
Ej |vr (51) + 61 Z HE;IQ(SSW (51, Hé)] (26)
t=2

subject to the firm break-even condition

Ep ZT: i (Ut <51’ﬁ5)) <71

Ri-1 =T

t=1

and to incentive constraints for the truthful reporting of d; at all ¢ > 2 and all histories (51, H;fl).
(In the main text, we subsequently refer to the problem in utility space as “Problem IV”, but in the
proof below we refer to this still as Problem III.) In particular, for each such history, each §; and

each ¢;, we must have

Ut (517 Héila 5t) + 51‘,]EA

T
Z H;;151+153UT (517 H§717 Ot, H;_l)]

T=t+1
T ~
Z'Ut ((51, Hé_l, 5t) + (St]EA Z H’;—;tl_i_lés'v'r <517 Hé_lv 5t7 HZ-+1>] .
T=t+1
Either u (0) is finite or lim.,ou (¢) = —oo. In the latter case, it is easy to see that the optimal

utilies must be bounded below. We are therefore optimising a continuous function over a compact

set, and a maximum exists. Moreover, the optimum is unique: were there two optima, the convex
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combination would satisfy the incentive constraints and satisfy the break-even condition strictly. It
would then be possible to slightly raise v; (0) yielding a strictly higher agent expected payoff — this
contradicts the optimality of the original policies.

Now consider why any equilibrium dynamic mechanism accepted by the agent with initial type
01 must solve Problem III. Throughout the argument, we can associate with each date-1 message
a uniquely determined continuation mechanism (a mapping from messages to consumption), and
assume an agent message strategy that maximises firm profits among those optimal for the agent.
Hence, because the firm anticipates i.i.d. types, there is associated with the date-1 message a unique
value of discounted expected profits (independent of the agent’s true initial type).

The central part of the argument is that no firm earns positive discounted expected profit in
equilibrium. Suppose not. It is enough to show that any firm can deviate to a mechanism that
generates arbitrarily close to the sum of expected profits across all firms. For each type §; = 6(")
that accepts with positive probability a mechanism of a Firm j (n) and sends a message 61 = 6™
in the putative equilibrium, outcomes will be determined by utilities (vi () (5("), Hé))T . In case
of agent randomisation, consider only the firm j (n) for which firm expected discounte(tizll)roﬁts are

highest (and take the smallest firm index if multiple). Then consider the mechanism defined by
o (80, Hg ) =™ (60, 5

for the initial types §; = 5" that accept some mechanism with positive probability in the putative
equilibrium (thus the date-1 reports in the new mechanism are a subset of A). This mechanism is
incentive compatible in the following restricted sense. Any agent type that accepted a mechanism
with positive probability in the putative equilibrium is willing to report truthfully if accepting the
new mechanism. Now make two changes: (i) omit any report §; that fails to generate strictly positive
expected profit, and (ii) increase the initial utility v; (d1) by an arbitrarily small constant amount,
uniform over the initial messages ;1. Now, for all values of the initial type §; that accept a mechanism
with positive probability in the putative equilibrium but not omitted in (i), the agent strictly prefers
to accept this mechanism than any of the others offered, and is willing to report truthfully. This
shows that the profit from each such type is at least arbitrarily close to that generated from this
type by all firms in the putative equilibriumE Other agent types may accept the mechanism and
choose some (untruthful) report or not accept the mechanism. However, irrespective of what the
agent’s strategy specifies for the other types, the new mechanism obtains arbitrarily close to the
expected total profit among all firms. This is a profitable deviation at least for a firm earning the
lowest expected profit.

We now note that if a type d; = 6(™ accepts a firm’s mechanism with positive probability in

15While the agent is willing to report truthfully, according to the prescribed strategy, he may not do so if there is
some other message that generates strictly higher profits for the firm. However, this only raises the profitability of the
constructed deviation.

41



equilibrium, then the consumption following truthful reporting (and given the future i.i.d. evolution
of types as anticipated by each firm) must generate exactly zero expected profit. Suppose instead
that a strict loss is generated. Then the firm must be generating positive expected profits from the
acceptance of the mechanism by some other type 8; # 6(™. There is then a profitable deviation.
In particular, similar to above, the firm can omit any initial reports d; not generating strictly pos-
itive expected profit, while increasing the date-1 utility for the remaining reports by an arbitrarily
small and constant amount. Any agent type that was generating positive expected profits for the
firm continues to generate at least arbitrarily close to this amount, while any negative profits are
eliminated.

We now argue that any initial type 01 has equilibrium outcomes given by the solution to Problem
ITI. Note that each type must be obtaining an (agent)-anticipated discounted payoff equal to the value
in Problem III. Obtaining more would imply negative profit for the report d; (which we saw in the
previous paragraph was not possible in equilibrium). If a given agent type obtains less, then a firm
can earn strictly positive profit by offering a mechanism that is the solution to Problem III for this
agent type (requiring no date-1 message), for a value of income I that is below but arbitrarily
close to the true value. Indeed, by the Theorem of the Maximum (using that the constraint set can
be considered compact-valued, as argued above, and because it is continuous in I7), the value of
Problem III is continuous in I7. Given that we argued equilibrium must yield firms zero profits, this
is a profitable deviation. We can conclude that each initial type d; anticipates discounted payoffs
equal to the value of Problem III, while generating any firm whose mechanism the agent accepts zero
profits. By uniqueness of the solution to Problem III, the equilibrium outcomes of type d; are then

unique.

T
t=1
with (51,H§) € A for each t < T and (51,H2T) € AT-! with values uniquely solving Problem

I, and for the agent to randomise symmetrically over the equilibrium mechanisms and to report

Finally, it is an equilibrium for each firm to symmetrically offer the mechanism (ct (51, Hé))

truthfully. Agent play following any off-path selection of mechanisms satisfies the equilibrium re-
quirements: the agent follows a deterministic message strategy that maximises the firm’s discounted
profits among those optimal for the agent (since there are finitely many messages in each period,
such a strategy exists). When the mechanism satisfies our notion of a direct mechanism (see the
model set-up), the agent reports truthfully. Then firms have no incentive to deviate: if a firm offers
a mechanism where discounted profits associated with a given date-1 message are strictly positive,
the agent does not send this message; indeed, he obtains a lower expected payoff than the value of
Problem III associated with his true initial type 1, while this value in Problem III is available from
other firm(s). Agent incentive compatibility in the equilibrium mechanism from date-2 onwards is
implied by the incentive constraints , as argued in the main text. Agent incentive compatibility
in the equilibrium mechanism at date 1 is satisfied because each initial type &1 receives, by reporting
truthfully, outcomes that solve Problem III, where this problem is to maximise the agent’s discounted

payoff given d; subject to constraints that do not depend on 6.
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Proof of Lemma[3. To see the monotonicity in the lemma, consider any history (51, Hé_l), and any
adjacent discount factors 6 and 6tV n < N — 1. Analogous to Equations and (1), we have

T
Z H;tl+158”T (51v Héfl’ g, HtT—l-l)]
T=t+1
T ~ ~
Z H;—;tl-‘rlésvT (617 H5_17 5(71)’ H;-+l>] 9 (27)
T=t+1

i (517H571,5(n+1)) +5(DE,

>t (51, Hg_l, 5(n)> + 5(n+1)EA

and

T
v (51,H§_1,5(n)) +6E 4 [ Z 7441 050r <51,H§_1,5(”),ﬁgﬂ>]
T=t+1

T
>0 (51,1{;—1,5("“)) +6ME, [ 3 I e (51,H§—1,5("+1), }11)] . (28)
T=t+1

Then as in Equations and in the proof of Lemma we conclude that, for any t €
{2,...,T — 1}, any (51, H;fl),

Ut (517 Hé_la 5(n)> > vt (617 Hé_lv (5(n+1)> (29)
and
T T
EA Z H;—;751+1Ssv7' <517 H5_17 5(n+1)7 ﬁ;rl) > ]EA Z H:sr;tl-i—lgsvT (517 H§_17 6(n)7 I:Ig-+1>] ’
T=t+1 T=t+1
(30)

with both inequalities strict if and only if at least one of and hold as a strict inequality.
Now let us show that local incentive constraints imply the remaining incentive constraints. To

see that downward incentive constraints hold, argue as follows. Consider any n > 2 and suppose

that downward incentive constraints hold for all lower types. In particular, for any n’ < n — 1, we

have

o (81, H 160D 4 60 VE,

T
WS CVERENS)]
T=t+1

T
th (51,H§_1,(5(nl)) + 5(n71)EA [ Z H;—;tl_i_lgsUT (517H§_175(nl)7ﬁt7-+1)] .
T=t+1
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By the monotonicity finding above,

T
v (61,H§_1,5(”’U> +6ME, | S T e (51,H§—1,5<n1>,ﬁ1;1)]
T=t+1
T
Sop (61, HE ™00 ) 4 6B | S0 I v (81, 560, t+1>] .
T=t+1
By the local incentive constraint,
T ~
t <51aH§_176(n)) + 5(n)EA [ Z H; tl_i_ld Ur <6laH§_176(n)7 g—i—l)]
T=t+1

T
Z 1EZ t1+15 Ur (517H§175(n_1)a£’[+1>] :

> (61,H§’1,5(”_1)> +6ME, !
T=t+1

Therefore, indeed

T
v (51,H§—1,5<n>) +6ME, [ 3 b, (51,H;—1,5<">,f1;+1)]
T=t+1
>y (51,H§_175(n,)> [Z 741 050r (61’Ht Lot g;“l)]
T=t+1

We conclude that downward incentive constraints hold for all types 6™ and lower, and hence by

induction all downward incentive constraints hold.
To see that upward incentive constraints hold, argue as follows. Consider any n < N — 1 and
!/

suppose that upward incentive constraints hold for all higher types. In particular, for any n’ > n+1

we have
v (81, B, 600 ) 4 50U Z = Bsvr (o1, HE ™, 60D Hm)]
T=t+1
> (51,H§—1,5<n’>) + 6 DE , [ DI RS (51,Ht 1§, m)]
T=t+1

By the aforementioned monotonicity, we have

T;dns t+15 Ur (51’Ht totnr, t+1)]

(51,Ht 1 5<"+1>) +6ME,

T_Zt;rlﬂs t+15 Ur (51’Ht H ot FItTH)

>v; (51 L 5("”) 4 6ME,
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By the local incentive constraint, we have

T
v (51,H§—1,5(">) +6ME, [ 3 b, (51,H§_1,6(”),ﬁ[+1)]
T=t+1

T
>up (61, Hy ™, 0070) 4 60UE, [ > Izl b (01, HET 80, ];1)] .
T=t+1

Therefore,

T
v (51,H§—1,5<”>) + MR, [ 3 ol b (51,H§—1,5<">, ~1Z+1)]
T=t+1
T

>y (51,H§*176(”/)> + 6ME 4 ! Z H;;tlJrlgsvT (517H§175(n/)a£’[+1)] :
T=t+1

This establishes that incentive constraints for 6 are satisfied upwards, and by induction upwards

incentive constraints are satisfied for all types.

O]

Proof of Lemma[]. Suppose for a contradiction thereist € {2,...,T — 1}, and any history (51, .F_Ié_l),

and some (™ with 7 < N such that the local upward incentive constraint fails to hold with equality.

That is,

T
op (30, H371,60) 4+ 6B | ST ML dv (81, AT 60, )
T=t+1
T
= T+vg (51, Hg_l, 5(ﬁ+1)> + 5(ﬁ)EA Z H§;§+155U7— (51, Hé_—la 5(ﬁ+1)7 gg—+1>
T=t+1

for some x > 0. We can determine a new mechanism with utilities ({zt (51, HS));‘F:I such that the

only changes to utility are at the history (51, ﬂg_l):

o (50, 000 = (50, BE1,600) 403

n=1

for n > n, and
i . N
i (51,H;—1,5<">) = v (51,H;—1,5<">) =Y @
n=n-+1
for n < n. The only (adjacent) incentive constraints this affects are: (i) the upward incentive

constraint for 6™ now holds with equality, and (ii) the downward incentive constraint for 61 is
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relaxed. In particular, note that incentive constraints are unaffected for all earlier types (as expected
continuation payoffs under truthful reporting are unaffected). All other adjacent incentive constraints

at history (51, ﬂg_l) are unaffected as a constant is added to each side of the constraint.

Note also that, by incentive compatibility, vz (51, ﬁg_l, (5(”)> remains non-increasing in n, and
so the consumption levels prescribed by the new mechanism are non-negative.

Now consider the effect on firm profits. The change in the cost of the contract to the firm is

proportional to

Do (o) o (5 ) ) S (o) oo () )

-3 (o o 5 )
nnl N ) .
S (£ o) [ (o) (£ )0
n=1 m:ﬁ:&-l 0 m_:ﬁ—i—l
+ ﬁ: Pn Zn:qm> /$¢, (vt-(gl,f_lél,c;(")) Jrr(zn: qm>>dr
nfﬁJrl m=1 0 m=1
(5 o) [l
n=1 m:ﬁ:&-l 0
a N N n z
((Z) () (Z ) ) oo
m=1 n=n+1 m=n+1 n=1

The first inequality uses the definition of ¥f, that o5 <51,P_I 5_1, ) is non-increasing, and that ¢ is

strictly convex. The second inequality uses that vz (51,1:15__1, ) is non-increasing, and that ¢ is
convex. The final inequality follows because the agent is weakly more optimistic about patience than
the firm in the sense of first-order stochastic dominance. But we have thereby obtained a mechanism
that is strictly more profitable than the original, contradicting that the original solves Problem IV.

O

Proof of Corollary[3. Consider any date t € {2,...,T — 1}, any history (51, H;l). It is enough to
show that, for any n < N, the continuation cost in Equation @ is strictly higher for &, = §(»+1)
than for §, = 6™ whenever the continuation policy is distinct. Suppose not. By Lemma |4 type
6 is willing to report §(+1) (and report truthfully thereafter). This single change in reporting
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provides a different reporting strategy for the agent, inducing different outcomes — this mapping from
discount factors to utilities/consumption can be induced by a revised direct mechanism. The revised
mechanism is distinct from the original, gives the agent the same expected payoff, but weakly lowers
the firm’s expected cost. Hence, the new mechanism respects all constraints and hence represents a
distinct solution to Problem IV. This contradicts uniqueness of the solution to Problem IV.

O

Proof of Example[ll Fix §; and write v; = vy (d1), while we let w, = vy (51’5(n)) and 2, =
U3 (51, 5(")). We further introduce U,, = w,, + 6™ z,.

The firm’s break-even condition is

N
oo+ 3 (X + 20 <
n=1
while we use Lemma || to substitute in the incentive constraints. Given U; and (zn)f:[:Q, we use the
N — 1 upward incentive constraints holding with equality to determine (wn)fy:? In particular, we
observe that for k € {2,..., N},

Up = Uy + zk: (60 60D 2,
n=2

and therefore

k
wp=Ui+Y (5<”> _ 5<"—1>) 2 — 6 2,
n=2

Problem IV can then be written as maximising

N N
vl + 01 Z @nUp = v1 + 01 <U1 + Z Qnzn <5(n) _ 5(n—1)>) ’

n=1 n=2

where Q, = Z%:n Gm, subject to the firm’s break-even condition and non-negativity constraints.
Rather than imposing the negativity constraints, we study a relaxed program where all utilities may
be negative, but the implied payment for an arbitrary utility v is ¢ (v) = v?. We then confirm that,
when N is sufficiently large, all utilities are strictly positive and hence the solution to the relaxed
problem is the solution to the problem of interest.

Necessary conditions for an optimum. Due to the firm’s break-even condition, the feasible
utilities come from a compact set. The same argument as in Proposition [5| then implies the existence

of a unique solution to the relaxed problem. We can then study a Lagrangian with only the firm’s

47



break-even condition

N
L =v1 + 01 (wl +6Wz + Z Qnzn (5(”) _ 5(n1)>>
n=2

N w OF ) — 561z — 54 z
+)\<Ig—d>(v1)—2pn<¢( 1+ 00 o S, (00 = 070) 21 =0 n)+¢(n)))

R R?

n=1

The stationarity conditions are as follows. Optimality of v; yields the necessary condition
L= (v1)-

Optimality of w; yields the necessary condition

N n
- % > pnd (w1 60z + 37 (50 = 56D 2 5<">zn> . (32)
n=1 i=2

Then, optimality of z, for n > 2 yields

0:<5<> (n1>><51Q_me ( +zm:< _ ) g ))

=2
)\pn 'L i— n pn

while optimality of z1 yields
VR (w1) = ¢/ (21) - (34)

Given the zero-profit condition is an inequality constraint, we have A > 0, while stationarity requires
A > 0. Note that Equation and ¢ (u) = 2u imply that, as A — 0, mean date-2 utility diverges,
i.e. 27]2[21 prwy, — 00, and so there is a violation of the firm’s break-even condition. Hence, A remains
bounded away from zero as N — oo.

Taking differences. We now use the specific values of q,, p, and ¢. Considering n €
{1,...,N — 1}, taking differences of the optimality conditions for z, (the condition for z,;; less

the condition for z,), we have

AN | AR (1) s(0)
—(z”+1—zn)(2R2+2R5“ 5 (35)
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Considering n € {1,..., N — 2} and taking a further difference, yields

L4 (nt1)(n) _ 98-8 5(n)
vz~ 2t = (ot — ) 0 5?n+z)5(i]+vl_) .
"t

(36)

Given N is sufficiently large, the signs of both sides are the same: they are either both strictly
positive, both strictly negative, or both zero. That is, z, is either increasing, decreasing, or constant.
Proof that z, is strictly increasing. We now show that z, is increasing by assuming otherwise

and reaching a contradiction if N is large. We will use that, for n € {1,..., N — 1},

n+1
W1 — wp =U1 + Z (5@) - 5(i_1)> 2 — 60z 4
i=2

_ <U1 4 zn: (5(0 _ 5@'—1)) 2 — 6(")zn>
1=2
=™ (2, — Zp11) .

Since z, is weakly decreasing (either constant or decreasing) w,, is weakly increasing (constant or

increasing). Therefore, recalling Equation (32]),

N
(51 S 2% (Ul + ; (5(1) - 5(1_1)> Z; — (5(N)ZN) s

with a strict inequality is z,, is strictly decreasing. Therefore, by Equation evaluated at n = N—1,

5—4d 1 —01 + 4% <U1 + ZZJ\L2 (5(i) — 5(i—1)) 2 — 5(N)ZN)

0=a S
N-1N +4560NV (zy — zy-1)
AL AL
— (2N —zNn-1) <2Rj\2[ + Qévé(N)é(N_l)>
§—6 1 A §—0 2
J0-61 _ A (v 9= (2 snsiv-n )
2y ot ey ZNl)RN<45 N1 <R+25 )

Since zy < zy_1, the right side of this inequality is strictly positive for N sufficiently large. Hence,
we obtain a contradiction whenever N is large enough.

Proof that z, is strictly positive for all n. Suppose then that z, is strictly increasing. We
have by Equation that

A A
(51 < 2Rw1 2R <U1 1) Zl> . (37)
By Equation (34)),
s, — A
U1 1) Z1 Rd(l)
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or

Ux

R CO

Z1 1
Rs(M)

Plugging into Equation and rearranging, we have

R (6M)’ + R

Ui > 22

1.

Therefore, z; > 0, which shows that z, > 0 for all n.

Proof that w, is strictly positive for all n. Condition requires that utility is efficiently
distributed between date 2 and date 3 conditional on the lowest type 6(1), which implies the positivity
of wy. However, w, is decreasing, so we need to check that wy > 0 also. Here, we use Equation
, evaluated at n = N. If the first term is sufficiently small, then this equation also states
efficient distribution of utility between date 2 and date 3 conditional on the highest type (™),
which would be enough to conclude the result. We therefore need to show that the first term
in Equation (33| vanishes sufficiently fast with N. It is enough to find a lower bound on wy =
Ui + 21112 ((5(2') — (5(“1)) 2 — 0W)2n that does not depend on N — doing this constitutes the bulk of
the argument.

We will use from the previous step the following observations. First,

R2(6(1>)2+R5

2\ 1
S w— (38)
0 + iy

and therefore, second,
Z1 R

—0d1.
R ~ 231
We are considering the maximiser of the Lagrangean in Equation and therefore the follow-

w1 = U1 — 5(1)21 =

(39)

ing perturbation must not increase the value in that problem: for all n, add/subtract a constant
(independent of n) from the date-3 utility z,, all else fixed. Thus w; is unchanged, and the implied
values (wn)fLQ are unchanged. That this perturbation does not raise the value in Equation

requires
N N
1 1 A
Y =6 N g (2,) = 0.
11; N ; NR2¢ (Z ) 0
Since z, is increasing, this implies
N
)\ 12 1 (n)
229 (21) <1 Z_:l 0

or

R25; < 1
1 )
S o) nzzlz\f‘S '
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This implies that

o . (1) _ Z1 R(S]_ 1 (n
= U1 =Wz = oo < 2)\5(1)2 : (40)

From Equation evaluated at n = 1, we have

VE R (0 + 34 (U= 60z))
zZ9 — 21 — L
22 + 22 6@60)
5—8
< 71% ( (?(611) Zn 1 N )
22 4227 5(2)5(0)

R2

where the inequality follows from Equation . This can be used to provide an upper bound on
Zn — zn—1 also for n € {3,..., N}. In particular, from Equation , we have for N sufficiently large

that z, — z,—1 has the same (positive) sign as z,_1 — z,—2, but is smaller. Therefore, for n > 2,
Wy — Wn—1

_ - (i) _ s(i—1) (n) (i1 ,. _ sh=1),
U1+iz;<5 5 )z 5 <U1+Z( ) 5 zn1>

> — g1 (22 — 21)

5o n
ﬁ( 01+ 35 Cont w6 ))

P S P VT
And so,
wN — Wy
—U1+Z ( (i~ 1)> 2 — Wy — <U1 —5(1)z1>
N

> — ZCS(H_D (22 — 21)

n=2
((6-9) (=0 + By T, 400

_ s
>0 22 + 225050

Recalling that A remains bounded away from zero as N — oo, this provides a lower bound on wy

o1



that is invariant to N. In particular, we have

wN Ul—i-Z( — Zl)zi—é(N)zN

ymw—®0m+ﬁwglﬁwv
245 + 24660

iy @8 (oS )
TN 223 4+ 225250

201 - '

A %Jr%(s( )5()

>U; — (5(1)21 —

We will then use the implication that

N
5 — %Qﬁ/ <U1 +) (5@ - 5@—1)) 2 — 5<N>ZN>
1=2

< 20
BBy 00 (he B L 400)
2 % + %5( o)

)@—@(m+%z;1m“)
Z + %6260 '

(41)

Now note that the necessary condition in Equation , evaluated at n = N, is given by

](\?/:é 1 ( )\¢/ (U1 4 Ei]\i2 (5(@') _ 5(@;1)) 2 — 5(N)ZN>>
0= Ag stV / 1 N Ay !
+ NR 10} <U1+ZZ 2( 5(1 )) 21—5( )ZN) —R—JZ (ZN>

By Equation , we then have

— < N n
N 1 (<00 + 2y 0 o)
N—-1N % + %5(2)5(1)
AL V) N P!
N / (@) (i-1) _ 5V _ N
+ 7 10 <U1 + ; (5 ) ) zi — 02N 72 (zn)

52



This implies, using that z, is increasing,

PPN Gt G 0 4% L)
Rs® )T TN 1) (2 1 2600500)
N
<¢/ <U1 + 30 (80 - 6 2 - 5<N)ZN>
=2

By Equation left-hand side of the inequality in Equation is greater than

R2(5<1>)2+R61 (5—é)2 (_51 " % N %5(@)

2\
RSN s + AN —1) (F +20260)

_1
Rs(D)
which becomes strictly positive as N — oo, since the second term vanishes while the first does not.

This shows that wy is indeed strictly positive for large N as required.
O

Proof of Proposition[f The arguments in the main text imply that, for n > 2, we have s R/ (wp) <
¢’ (2,). Consider reducing utility at date 3 by ¢, and increasing it at date 2 by Mg, thus leaving
discounted utility unchanged. Then this decreases the NPV of firm costs in case da = 6 by

¢’ (2n)

—6M ¢ (wy) e + —g cto (¢)

which is strictly positive for € small enough. The additional profit can be used to further increase
the date-2 utility, i.e. a profit-preserving change that increases the agent’s payoff.
O

Proof of Proposition[7 Consider equilibrium utility, and consider any ¢ € {2,...,T — 1}, any history
((51, Hg_l) (the remaining case that considers shifting utility between date 1 and date 2 is analogous
and omitted). Consider reducing date ¢ utility at this history by a constant n € R independent of 4,
and raising utility at ¢t + 1 by v € R. The change in expected profits conditional on (61, Hé_l) is, to
the first order

o (v (01, HE,60)) o' (vl (01, HE™, 00, 50m))

N N N
Z Pn Ri-1 U Z Z Pn'Pm R v.
n'=1

n’=1m=1
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In particular, for the change to leave firm profits unchanged requires

& (vET (5, HET 50
L SN p, LT (LH ) o
N ¢ (v (81, HY ™ ,6(m) 50m))) n Ui

N N
Zn:l Zm:l pnpm Rt

where o (1) represents terms that vanish faster than n as n — 0.
Note that because utility changes by a constant, independent of §; and d;41, the change leaves

incentive constraints unaffected. The date-t value to the agent of the change is

O )

= n t—1
—n+zqn v=n —1+Zqz el X +o(n).

o' 81, HE™18(m) 5(m)
nyzl Z%:lpnpm L (0 RE )

Since the change leaves both firm profits and incentive constraints unaffected, it must not raise the

agent’s expected payoff. Therefore, a necessary condition for optimality in Problem IV is

N
> z ! (o8 (80, 1L, 500,500 ) = quz S ! (7 (60, 2571,600) ).
n=1 n=1

This establishes the first equality in the proposition. The equalities relating to the efficient policy
follow from analogous reasoning.

O]

Proof of Corollary[3. The corollary follows by taking expectations of the equalities in the proposition
over histories ﬁ;fl, and using that agent beliefs first-order stochastically dominate the firm beliefs
so that E4 [St} > Ep [St}, with the distributions differing and hence a strict inequality if the agent

is strictly more optimistic than the firm.
O
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